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Atomic recombination in a hypersonic 
wind-tunnel nozzle 


By K. N. C. BRAY 


Department of Aeronautical Engineering, University of Southampton 
(Received 30 October 1958) 


The flow of an ideal dissociating gas through a nearly conical nozzle is considered. 
The equations of one-dimensional motion are solved numerically assuming a 
siniple rate equation together with a number of different values for the rate 
constant. These calculations suggest that deviations from chemical equilibrium 
will occur in the nozzle if the rate constant lies within a very wide range of values, 
and that, once such a deviation has begun, the gas will very rapidly ‘freeze’. The 
dissociation fraction will then remain almost constant if the flow is expanded 
further, or even if it passes through a constant area section. An approximate 
method of solution, making use of this property of sudden ‘freezing’ of the flow, 
has been developed and applied to the problem of estimating the deviations from 


equilibrium under a wide range of conditions. If all the assumptions made in this 


paper are accepted, then lack of chemical equilibrium may be expected in the 
working sections of hypersonic wind tunnels and shock tubes. The shape 
of an optimum nozzle is derived in order to minimize this departure from 
equilibrium. 

[t is shown that, while the test section conditions are greatly affected by 
‘freezing’, the flow behind a normal shock wave is only changed slightly. The heat 
transfer rate and drag of a blunt body are estimated to be reduced by only about 
25 % even if complete freezing occurs. However, the shock wave shape is shown 
to be rather more sensitive to departures from equilibrium. 


1. Introduction 

In attempting to simulate the conditions of high velocity flight it has become 
necessary to devise wind tunnels with very high stagnation enthalpies. Such 
facilities may vary widely in their mode of operation. Typical examples, in order 
of increasing stagnation temperature, are: tunnels with storage heaters, Smelt 
(1955); tunnels with piston-type compression heaters, Cox & Winter (1957); 
electric are discharge tunnels, Lukasiewicz (1958); and shock-tube wind tunnels, 
Hertzberg (1957). All these tunnels have in common the fact that they produce 
a high velocity flow by expanding the gas through a nozzle; this converts the 
thermal energy of random molecular motion into directed kinetic energy of the 
high speed flow. The amount of energy required is very large, so the temperature 
of the unexpanded gas must be high, and this means that the vibrational energy 
modes of the molecules will be excited to high levels so that the gas will be 
partially dissociated and perhaps ionized. 
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The flow through the nozzle is hypersonic, and so the rate of fall of temperature 
following the gas through the nozzle may be very large. As the temperature falls 
a wide variety of internal adjustments must continually be made by means of 
molecular collisions. The energy level of molecular vibrations must be reduced, 
a new balance must be found between atoms and molecules, chemical reactions 
must take place between the different species present and ions must recombine 
to form neutral particles. All these adjustments require a large number of col- 
lisions between molecules before they can reach equilibrium. If the time to reach 
equilibrium is of the same order of magnitude as the time for a typical molecule 
to pass through the nozzle, then departures from equilibrium are to be expected, 
which may modify the flow pattern. 

These so-called relaxation effects can occur whenever the temperature changes 


so fast that the internal structure of the gas cannot keep pace; other examples of 


interest to aerodynamicists are the flow round the ‘shoulder’ of a blunt body in 
hypersonic flight and the flow through a strong shock wave. The latter problem 
has received considerable attention both theoretically (Wood 1956; Evans 
1956; Freeman 1958; Duff 1958) and experimentally (Hertzberg 1957; Rose 
1957; Byron 1957). Many attempts have been made to deduce the rate con- 
stants for the various relaxation processes from shock wave experiments, and 
some degree of success has been achieved. However, there is still considerable 
uncertainty about some of the rates of reaction (particularly those for dissocia- 
tion), and also about their variation with temperature 

Two conditions must be satisfied if the relaxation of a particular degree of 
freedom is to affect the flow through a nozzle: the relaxation time must be com- 
parable in magnitude with the time for the flow to pass through the nozzle, and 
the change in energy associated with the relaxing mode must form a significant 
part of the total change of enthalpy of the gas. Heims (1958) has applied these 
conditions to the flow of oxygen through a nozzle. He concludes that vibrational 
relaxation effects will be small compared with dissociation effects because of the 
energy condition, even though the relaxation times may be comparable at high 
temperatures. Byron (1957) has reached the same conclusion as a result of shock- 
tube experiments. 

Similar arguments suggest that effects of ionization relaxation will also be small 
until the temperature becomes large enough for a significant amount of energy to 
be involved in ionization. It therefore appears that the dissociation and recom- 
bination of oxygen and nitrogen molecules and the formation and dissociation 
of oxides of nitrogen will be the most important relaxation effects to be con- 
sidered. The possibility of interactions between different molecular energy modes 
must, however, be remembered. 

The present work is concerned with only one type of relaxation phenomenon. 
[ts object is to estimate the effects of finite rates of molecular dissociation and 
recombination on the performance of hypersonic wind-tunnel nozzles, and to 
establish a suitable criterion for the conditions under which these rates will be 
important. The ideal dissociating gas of Lighthill (1957) and Freeman (1958), 
which is discussed in detail in the next section, is used throughout. This simplified 
model of the gas behaviour cannot be expected to give accurate quantitative 
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results in the present application, but it does represent the main features of a 
dissociating gas with sufficient simplicity to allow the problem to be formulated. 

It is hoped that the criterion for equilibrium which is deduced here may later 
be applied to more accurate calculations, involving real gas properties. 

The equations for the quasi-one-dimensional frictionless adiabatic flow of an 
ideal dissociating gas have been set up and solved for a number of different values 
of the reaction rate parameter. From these calculations it is deduced that the 
flow through a nozzle will ‘freeze’ under certain conditions, when the rate of 
recombination of atoms to form molecules is too small to maintain equilibrium. 
Calculations have been made only for the wind-tunnel case in which the flow is 
accelerated from rest through a convergent-divergent nozzle. However, the 
problem of the hypersonic shock tube, in which an already supersonic flow is 
expanded through a divergent nozzle, is also discussed, and it is shown that 
relaxation effects will be exactly the same as in the wind-tunnel case if the reaction 
rate parameter is greater than a certain value. 

At temperatures for which dissociation is important, the rate of loss of heat 
from a gas by radiation is believed to be large. However, the energy radiated per 
unit mass of gas is a very strong function of the gas temperature, so that most of 
this radiation will take place in the stagnation region ahead of the nozzle throat, 
where the temperature is highest. Radiation is therefore neglected in the following 
calculations, it being assumed that the stagnation enthalpy has been reduced by 
an appropriate amount to allow for losses in the stagnation region. 

No allowance is made for viscous effects, although these also are known to be 
very large in hypersonic nozzles. However, it seems reasonable to hope that there 
will be an inviscid core of flow in a real nozzle, for which an effective area ratio may 
be defined, and to which the one-dimensional adiabatic flow equations will apply. 
Also, the rate equations near the walls will be greatly modified by the possibility 
of collisions between atoms or molecules and the walls; for this reason recombina- 
tion is likely to be much more rapid near the walls, but these recombined mole- 
cules can only diffuse out from the walls at a finite rate, so they can only affect the 
flow within the boundary layer. The central core of adiabatic flow will be 
unaffected. 

Because hypersonic nozzles employ small expansion angles, and also because 
boundary layer effects are known to be so large, reducing the effective expansion 
angle still further, a quasi-one-dimensional flow theory should be sufficiently 
accurate for the present purpose. The extra complication involved in allowing for 
velocity components normal to the nozzle axis does not appear to be justified at 
this stage. 

Relaxation phenomena in nozzles have been studied by Penner (1955), Logan 
(1957), Heims (1958) and many others. Penner, together with co-workers, has 
derived linearized theories for flows close to dissociation equilibrium and flows 
which are nearly frozen in their initial composition. From these he has derived 
simple criteria to determine the equilibrium state of the exhaust gases from a 
rocket nozzle. Logan (1957) applies a similar method to atomic recombination in 
a hypersonic wind tunnel. He assumes that departure from equilibrium will occur 
in regions where the rate of change of temperature is large, and uses the results 
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of Penner (1955) which were derived for flow in rocket nozzles. He takes as the 
criterion for the flow to be near equilibrium: 
1 dT . 
i dt Tmax = 


Here 7 is the actual value of the local temperature, d7'/dt is the rate of change of 
3 | t=) 


10-3, 


temperature with respect to time, and 7,,,, is the maximum value of the reaction 
time for the chemical process, that is the time to reach a value (1 — 1/e) times the 
equilibrium concentration. On the basis of this criterion, Logan predicts large 
departures from equilibrium in a hypersonic wind-tunnel nozzle where the rate of 
cooling can be very high. The lack of equilibrium is predicted to occur in the early 
part of the nozzle where d7'/dt is large. This so-called ‘frozen’ flow region is 
followed by an adjustment zone where equilibrium is regained by a sudden 
irreversible release of the dissociation energy with a large increase of entropy and 
an even larger decrease in the Mach number. 

The present calculations suggest that, once an appreciable deviation from 
dissociation equilibrium has occurred in a hypersonic nozzle, a return to equi- 
librium is unlikely to take place within the nozzle. This must be compared with 
Logan’s assumption that the region of partially frozen flow is followed by another 
zone in which full equilibrium is achieved. 

These conflicting results may be understood when it is realized that the condi- 
tions in a rocket nozzle, with an area ratio of three or four, are very different from 
those in a hypersonic nozzle, which may have an area ratio of several thousand. 
The fall of density is therefore several orders of magnitude greater in the wind- 


tunnel nozzle than in the rocket case, and this has a large effect on the rate of 


atomic recombination, which requires a three-body collision process and so 
depends on the density squared. It follows that an equilibrium criterion giving 
good results in the rocket nozzle case, where the density change is not large, will 
not be suitable for application to the nozzle of a hypersonic wind tunnel. 


2. The ideal dissociating gas 

The thermodynamic changes in a real gas at high temperatures are extremely 
complicated and not very well understood in detail. In order that gas dynamic 
theories may be at all general in application, it is necessary to find simple 
equations which will describe the changes of state of all gases with reasonable 
accuracy within a specified range of temperatures and pressures. The ideal 
dissociating gas of Lighthill (1957) does just this, within the range of conditions 
where dissociation is the dominant effect. 

If a partially dissociated gas, in conditions of thermal equilibrium, be regarded 
as a mixture of two perfect gases, the molecules and the atoms, then the equation 
of state for the mixture may be written 

pP=5 pT’(1+¢), (1) 
al 
where p’ is the pressure, p’ the density, 7” the temperature, « the ratio by mass of 
atoms dissociated to total of atoms and molecules; kis Boltzmann’s constant and 
mis the mass of an atom. 
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The law of mass action, which determines the equilibrium composition of the 
mixture of atoms and molecules, is (for a perfect gas) 


, 
) mw 
fa, D/kT" (2) 
l-a op ; 


where pj is a characteristic density which is a complicated function of the tem- 
perature. Lighthill shows that it is a reasonable approximation to take pj, = con- 
stant over a wide range of temperatures for both oxygen and nitrogen. This greatly 
simplifies the problem; it is consistent with taking the vibrational degrees of 
freedom of the molecules as always being half-excited, even at low temperatures, 
and leads to the expression 


| D 
“os Ph (3) 


for the internal energy per unit mass, where D is the energy of dissociation. The 
specific enthalpy is then given by 
’ 1. 
i =u’ +h = (440) 7" —4 = ot. (4) 

Pp =m am 

It will be seen that, as « approaches zero at low temperature, the ideal dis- 
sociating gas becomes a perfect gas with constant specific heats and with 
y = C¢,/c, = 3. This incorrect low-temperature behaviour sets a lower limit below 
which air cannot be accurately represented by an ideal dissociating gas. An upper 
limit will also be fixed by the fact that electronic contributions to internal energy 
are neglected, as is ionization. 

Lighthill sets these lower and upper limits at approximately 3000 and 7000 °K 
for oxygen and nitrogen with densities between 10-* and 1 of N.T.P. However, the 
ideal dissociating gas may be expected to show trends correctly over a much wider 
range of conditions, and if necessary corrections can be made at high and low 
temperatures. At low temperatures, the rate of change of temperature with area 
ratio in a one-dimensional flow will be too small, because y is too small. Neglecting 
electronic excitation and ionization will make the calculated temperature too high 
for very hot gases, because the electronic contributions to internal energy and 
ionization energy have not been allowed for in full. 

Following Lighthill, we define a characteristic temperature, density, pressure, 
internal energy and velocity for the gas (values of these quantities for oxygen 
and nitrogen are given in table 1): 


T = D/k, 
pa = constant, 
Pa = PaD/2m, } (5) 


’ oe >) 
Uq = D/2m, 





vy = 4 (D/2m). 
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We now write equations (1), (2), (3) and (4) in terms of the dimensionless quantities 
T, p, p and u, using 7"), py, py and uj, as units: 
»P, Pps » USINS + gq, Par Pa « ae Biss 


p = pT(1+«), (6) 
Onc ge (7) 
l—-a@ p 

u= 37'+a, (8) 

i= (440)T +a. (9) 


These equations completely specify the thermodynamic behaviour of the ideal 
dissociating gas in equilibrium. 


Q 


Quantity Units Oxygen Nitrogen 
Lo ai 59,000 113,000 
Pa g/em* 150 130 
Pa atm. 2-3 x 10? 4-1x 10? 
04 keal./g 3°67 8:02 
Va km/sec 3:9 58 


TaBLE 1. Characteristic dissociation quantities for oxygen and nitrogen 
(Lighthill 1957) 


Lighthill’s equilibrium theory has been extended by Freeman (1958) to cases 

where equilibrium is not achieved. Freeman writes the net rate of dissociation as 
a = FQ hm (10) 

where 7p is the rate of dissociation and rp is the rate of recombination. 

Dissociation takes place when the energy in the internal degrees of freedom of 
a molecule is increased by means of collisions with other particles to a level which 
is sufficient to overcome the binding forces which hold the atoms together. The 
energies of molecular rotation and vibration may contribute towards making 
dissociation possible, as well as the relative translational energies of the molecules. 
Freeman therefore assumes that 7, is proportional to the number of binary 
collisions involving sufficient total energy to cause dissociation, so that 

Tn = C,(a, T")p'(1—a)e-P*F, 
where C,(~, 7’) is an unknown function which is related to the dissociation rate 
constant ’p of chemical kinetics. Freeman concludes that the variation of C, 
with «is unimportant compared with its variation with 7’. He takes this variation 
to be a negative power of 7”, such that 
C, = 0'(T")-8, 

where C’ is a rate constant. This temperature variation is appropriate to a system 
in which n classical degrees of freedom of the two particles combine to make 
dissociation possible, where ; 
s=in-l. 

Freeman counts the relative translational energy of both particles but the 
rotational and vibrational energies of only one colliding molecule, on the grounds 
that the vibrational energies are not fully excited and that molecules sometimes 
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collide with free atoms, and that a collision may not always use all the available 
energy. This gives n = 7 and s = 2:5, which appears to be the maximum likely 
value of this parameter. Byron (1957) shows that n = 6(s = 2) gives a better 
agreement with his shock-tube measurements. Values of s between —0-5 and 
2-5 are considered in this paper, but it is shown that the precise value is not 
critically important in the present application. 

Then tp = C'p'(1 —a)(T")-% D/kT’ 


and it follows from the equilibrium condition (equation (2)) that 


The rate of recombination is proportional to (p’)? because recombination is a 
process which requires a three-body collision. 
Equation (10) now becomes 
da 


"tm —s hy, _pikr’ _P »2\ 
di Cp (T")-§ \(l—a)e ai (11) 


| Pa 

This rate equation may not be accurate. Its derivation is based on simple 
collision theory which probably does not give a correct detailed picture of the 
reaction process. For example, Frood (see Winter (1958)) has argued that the net 
dissociation rate must depend on all the particles present, and on all their energy 
states. Thus the existence of a small number of free electrons, or a few molecules 
with very high rotational energy levels, can have a large effect on the overall 
reaction rate. Also, it is believed that the passage of a strong shock wave through 
air may cause initial over-dissociation of the oxygen, followed by recombination 
as the temperature falls further downstream owing to the continued dissociation 
of nitrogen molecules. Unfortunately, a rate equation embodying all these effects 
is not at present available, so we can only hope that equation (11) may not lead 
us too far astray if the parameters C’ and s are suitably chosen for a limited range 
of conditions. 

However, it is encouraging to note that the results of the numerical calculations 
which are described in this paper appear to be dominated by the term e~?*”" in 
rp for the upstream part of the nozzle; further downstream where 7p has become 
small the results are dominated by the (p’)? in rp. Both of these terms may be 
expected to occur in a more complicated rate equation, and this suggests that 
equation (11) may be adequate for our purpose. 


3. Quasi-one-dimensional fiow equations 
The frictiouless adiabatic flow of an ideal dissociating gas through a duct of 
slowly varying cross-sectional area A’ is described by the equations of conserva- 
tion of mass, momentum and energy: 
pd’ = p*y*A*, (12) 
dv ldp 
» + - 
da’ pdx’ 
i+ ty 2 we (14) 


= 0, (13) 
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together with the thermodynamic relationships of equations (6) and (9) and the 
rate equation (11), which may be written in the form 


ry ° 


da , oe Pe : 
= Coz) ((l—a)e UT" _ yp}. (15) 
0 


dt 
Quantities at a sonic throat are denoted by (_)*, and 7, is the stagnation enthalpy, 
which is constant for adiabatic flow. The equations are written in terms of the 
dimensionless quantities which were introduced in equations (5). A term 79 has 
been introduced into equation (15) for convenience, and C is a reaction rate 
constant with the dimensions of (time)~!. It is related to the recombination rate 
constant kp, of chemical kinetics by the approximate equation 

12 /T\ § 
CO =k,p@A (; 
“m= \ 7" 


\~ 0 


The momentum and continuity equations may be written in terms of a reduced 


; Ip|da’\* 
sound speed a defined in the usual way as ( zi 5) so that 
dp|dx') 
ly la/dzx’ = 
a? = (44a) (1+a)——. “$(1+a—37), (16) 
o dp dx’ 3 


‘ a " ‘ : . ‘ . 9) 
and from equations (12) and (13) 


1 dA’ 1 dp / y > 
Recap pee se , (17) 
A’dx’ pr*dzx 
This shows that a is the velocity at which the stream tube area is a minimum, 
that is, the velocity at a sonic throat as in normal one-dimensional flow theory. 
Note that a depends not only on the variables of state but also on their deri- 
vatives. However, equation (17) may be rewritten 
1 dA’ 1 dp | 


da ' 
A ‘ dx’ i peda’ | i a) *; da’ p ‘ | ies 





in terms of a reduced velocity c defined by 


&=7 (44a)(1+a); (19) 
o 

clearly, c depends only on variables of state and not on their derivatives. Equa- 
tion (18) shows that c is the velocity at which dp/da’ cannot be obtained from the 
continuity and momentum equations. This is important for the one-dimensional 
flow calculations which follow, because it means that the critical point, which in 
conventional flow through a convergent-divergent nozzle occurs at the sonic 
throat where v = a, will now occur at another point away from the throat, where 
oe. 

The velocity ¢ is also important in the theory of characteristics for relaxing 
gases (Boa-Teh Chu 1957; Resler 1957). The equations of two-dimensional 
steady flow in streamline co-ordinates may be reduced to four simultaneous 
partial differential equations in the velocity v, its direction y, the pressure p and 
the dissociation fraction «. Four characteristic directions may be found for this 
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system of equations. Two of these turn out to be coincident with the streamline 
direction, while the other two are at angles to the streamline direction given by 


9 1 
Cc? | 


; 
es 9 my 
ye — c?| 





so that c rather than a is the velocity component normal to characteristic direc- 

tions. The equations of motion along these two directions become the pair of 

ordinary differential equations 

2. , 9 1 A ’ 

oy + (5-1) I op_pjcjl+a p 3 (20) 
pur co pv | f+a p(4 +a)(I a)y? 


0 c 
where ¢0/oo means differentiation along one of the characteristic directions 
defined above, and f is the rate function given in equation (15). The momentum 
and rate of dissociation equations apply as ordinary differential equations along 
the other two characteristic directions (the streamlines). This system of equations 
could he solved by the usual numerical methods. 

Boa-Teh Chu (1957) has explained in detail the difference between the velo- 
cities a and c. He has shown that, for a disturbance propagating in a gas mixture 
close to equilibrium, ¢ is the velocity of propagation of the wave front while a is 
the velocity of the bulk of the disturbance. This result is relevant to §7 of the 
present paper, which discusses the effects of lack of equilibrium in a wind-tunnel 
nozzle on various quantities which can be measured in the test section of the 
tunnel. One of the quantities considered is the angle to the flow direction formed 
by a weak wave, which is shown to be very sensitive to the amount of freezing in 
the nozzle, and the question arises as to whether such a wave propagates with 
velocity a orc. It is shown, however, that the numerical difference between these 
quantities is likely to be small under typical conditions. 

Equations (12) to (15) cannot be solved until the nozzle shape is specified, so 
that da/dt in equation (15) may be written in terms of dx/dA’. Many hypersonic 
wind-tunnel nozzles at the present time are axi-symmetric, with a conical 
contraction and expansion joined by a cylindrical throat. This throat shape is not 
suitable for theoretical study as the sharp corners between the conical and 
cylindrical parts lead to discontinuities in the theoretical flow which will in 
practice be smoothed out by boundary layer effects. In order to obtain a valid 
solution through the throat, a nozzle with the hyperbolic area distribution: 


Ud * 72 ofS 
A’ = A¥+ Ky\a ) 
was chosen for these calculations, where x’ is the axial distance from the throat 
and K,,is a constant. It will be seen that, at large distances from the throat, the 
N 2 
nozzle becomes indistinguishable from a cone with half angle 0 where 


6 = tan-1—, 
V 77 
We proceed to define an area ratio 
A’ 
A= 
A* 
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and a dimensionless axial distance 


— 
i K yx’ 
= JA - 
so that the nozzle shape becomes 
A =1+8?. (21) 


The system of seven equations, (6), (9), (12), (13), (14), (15), (21), may then be 
reduced to two simultaneous differential equations in « and 7, with & as inde- 
pendent variable. These are 





Big (7+ =) owe 
da 3(1—a) ; di l+a (; +a, 4 25(8 — a) =i (22) 
dé (l+a)(4+a)} dé 2(i)—2) 142 0’ aw 
4+a\§ 
Dp*o*T3(— *) ome 
da 1—a a“p*vu™ 





=n p> —(4+)/(i—ax) _ 
dé Tt \U- 


6 / A*® : 
where = sical (Bysa) 


is a dimensionless dissociation rate parameter which contains the linear dimen- 
sions of the nozzle and its expansion angle as well as the chemical properties of the 
gas. It may be written approximately in the alternative form 


Y 9 
o=4° | aA? (24) 
2, DA, 
where x; is the dimensional length of the nozzle and A, is its exit area ratio. 

As pointed out above, some uncertainty still exists about the values of the 
dissociation rate constants C and s. Wood (1956) using a simple collision theory 
takes s = — 4, whereas Heims (1958) after some discussion of the various theories 
chooses s = }. Experimental evidence is not conclusive, but the shock-tube 
experiments of Byron (1957) in argon-oxygen mixtures are correlated by s = 2. 
[t is shown in this paper that the value of s is not important in the type of flow 
considered here, so s = 0 has been used for most of the calculations. The rate 
constants C' of Wood (1956) using simple collision theory, and Heims (1958) using 
the theory of Wigner (1939), have been adjusted tos = 0 taking a mean tempera- 
ture of 3000°K for oxygen and 5000°K for nitrogen. With these adjustments 
Wood’s values are 3-8 x 10 per second for oxygen and 1-8 x 10! per second for 
nitrogen; Heims’s value for oxygen is 7-5 x 10! per second. Shock-tube experi- 
ments by Byron (1957) give C the value of 3-0 x 1016 per second for oxygen, which 
is intermediate between the theoretical estimates of Wood and Heims. Byron 
also found that the rate constant for oxygen dissociation was not greatly affected 
by the presence of nitrogen. Another set of measurements in a shock tube reported 
by Rose (1957) indicate dissociation rate constants for both oxygen and nitrogen 
that are of the same order as Heims’s oxygen value, but essentially independent 
of temperature (s = 0). In view of all this uncertainty, it is necessary to consider 
several values of both the rate constants in the calculations which follow. 
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Figure 1 shows the values of ® for oxygen which are obtained from equation (24) 
for various nozzle lengths and area ratios using the rate constants of Wood (1956) 
and Heims (1958) with s = 0. Also marked on this figure are the nozzles of the 
Southampton University hypersonic wind tunnel (Bray, Pennelegion & Kast 
1958) and the 16in. ‘Hotshot’ tunnel at A.E.D.C., Tullahoma (Lukasiewicz 
1958), which may be taken as typical of very small and large installations, 
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Figure 1. The dissociation rate parameter for oxygen in conical nozzles. 1, Southampton 
hypersonic tunnel; 2, 16 in. hotshot; 3, 50 in. hotshot. 


It will be seen that the range of interest for ® lies roughly between 3 x 10° 
(Southampton tunnel, Wood’s rate constant) and 3x10” (16in. ‘Hotshot y 
tunnel, Heims’s rate constant) for oxygen dissociation, and perhaps somewhat 
larger for nitrogen. We will therefore consider values of ® within the limits 

3x108< © < 3x 10%, 
but it must be remembered that the experimental data on dissociation rates is not 
yet as reliable as one could wish, and that these limits may have to be modified. 
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The differential equations (22) and (23), which describe the relaxing one- 
dimensional flow of an ideal dissociating gas, cannot in general be solved 
analytically. However, in the limiting case of a gas for which ® = 0, that is, one 
for which the net rate of dissociation is negligibly small (frozen flow), equation (23) 
shows that the dissociation fraction « remains constant at its value at the entrance 
to the nozzle (a). Equation (22) can then be integrated to give 


e yy tO 1 /7+a te si 
+ In(1+é2) = —GlIn-——2- | . °] In {(i a) (ig -7)} +eonstant, (25) 
ly—t 4\1+a% 
; | 67 . T+ Ay 
where . er * +X —\$(%9 + Xp) —* 
2(t9 — Aq) [1+ ay L+ a 








The constant is determined from conditions\at a sonic throat, where § = 0 by 


definition and 





from equation (22), so that (di/d&)* shall not be zéro. It may also be derived from 
equations (14) and (16). 

The other limiting case, in which the reaction rate is so fast that equilibrium is 
reached everywhere in the flow, is given by letting ® approach infinity in 
equation (23). Then, either 


da a2p*y* 
=“) OO OF (1 —a) e—G@tale—a) — 5. P ms —e 
as (1+?) /[2(% —2)] 


The latter is the law of mass action (equation (7)) for equilibrium. Together with 
the condition that the flow is isentropic, it yields the equation 


a 
—— = constant. (26) 
l—a@ 


+a 


I 
3ln 7+ i +a+2In 


Hence, from the flow equations (12), (13) and (14), an expression for da/d& may 
be deduced 


da 3 A(a, T’) » 
dé (j + =) B(x) T3 + O(a) T?+ D(a) T + E(a)’ my 
where A(a,T) = 4a7T(1+a—3T7) (1—a) (¢—-2) 
B(a) = (7+ a) (4+) (2—a)—3a(1—a), 
C(a) = 2a(1—a) (1+a)—6(2—a) (2)—¥), 
D(a) = 3a(1—a)(3+a), 
(x) = 2a(1—a) (t) —@) 
and v= (4+a)7T+a. 
Equation (27) shows that da/d& > 0 as € > 0 unless 
B(a*) T'*8 + C(a*) T*2 + D(a*) T* — E(a*) = 0, \ (28) 


; ' ' " , te ; 
and this therefore yields a relation between «* and 7'* at a sonic throat. A simul- 
taneous solution of this and equation (26) gives «* and 7'*. The \nass flow rate 
p*v* follows from equations (7), (9) and (14). Finally, for every equilibrium 
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condition satisfying equation (26) a value of € can be found from the continuity 
squati D) 
equation (12) ov(t +8) = p¥v* 
and the equilibrium flow can be solved. 

Conditions a long way upstream of the throat (€ > —o) can be studied by 
expanding a, 7’, p, p, i and v as power series in A~? and substituting in equa- 
tions (6), (9), (12), (13), (14), (15) and (21). From this it can be shown that the 
flow in this region is independent of ® to the order A~?, so long as ® is not identi- 
cally zero. In other words, the solution to equations (22) and (23) for this region 
is the equilibrium solution, independent of ®. This is also to be expected physi- 
cally, of course, since the velocity is small far upstream of the throat. 


4. Exact solutions 

Solutions of the differential equations (22) and (23) have been found numeri- 
cally by a step-by-step procedure for one set of stagnation conditions and a 
number of different values of the rate parameters ® and s. The stagnation 
conditions considered were 7), = 0-1 and py = 5 x 10-®; equivalent dimensional 
values of these and the other stagnation quantities for oxygen and nitrogen are 


given in table 2. 


Quantity Units Oxygen Nitrogen 
< i K 5,900 11,300 
Po g/em? 4-44 x 10-% 3°84 x 10-% 
Po atm. 115 205 
19 keal/g 4-25 9-29 
a - 0-6899 0-6899 


TABLE 2. Stagnation conditions for oxygen and nitrogen 


It will be remembered from the previous section that ® probably lies within 


the range 3 x 108 < MD < 3 w 1038, 


The method of solution for the smaller values of ® was to start integration 
upstream of the throat, and to seek by trial and error for a mass flow rate p*»* 
which satisfied the condition v = ¢ at the critical point just downstream of the 
throat. The solution could then be continued downstream of the critical point 
using this value of p*v*. This trial and error procedure turned out not to be 
necessary with the larger values of ® for which the flow was still essentially in 
equilibrium at the critical point. The step-by-step integration was therefore 
started from equilibrium in these cases, at a point just downstream of the critical 
point, using the equilibrium value of p*v*. It was found that the exact initial 
point for these integrations did not materially affect the solution further down- 
stream. However, the interval size had to be very small in order to prevent the 
step-by-step integration from diverging, and so the computing times were long, 
especially for the larger values of ®. To reduce this time to a minimum a com- 


putational programme was devised which periodically chose the largest possible 
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interval satisfying the condition that the integration error had to be less than i 
a specified amount. c 
Some of the results of these calculations are shown in figures 2to7.Thedissocia- | | 
tion fraction « is plotted against the nozzle area ratio A in figure 2 for the limiting q 
cases of frozen flow (® = 0) and equilibrium flow (® = oo), and for three typical c 
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Ficure 3. The reduced density. Stagnation conditions: 7) = 0-1, py = 5x 107%, s = 0. Po 
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15 
than ntermediate cases: ® = 3 x 108 (Southampton University tunnel, Wood’s rate 
constant for oxygen); ® = 3x 101°; and ® = 3x 10” (16in. ‘Hotshot’ tunnel, 

cla- 


Heims’s rate constant for oxygen). The parameter sis taken to be zero throughout. 
The intermediate solutions are initially indistinguishable from the equilibrium 
case in the upstream part of the nozzle, as predicted in the previous section; but, 
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a constant value and does not change further, no matter how large A may become. 
This behaviour is also to be expected from the form of the rate equation (15), 
which in the downstream part of the nozzle is dominated by the recombination 
term, so that 


ry e 


da a 


; ~ — QM? : 
dé . (7 ; 


The density is becoming very small in this region (see figure 3), and so dz/dé 
must become small also; in fact, the velocity is almost constant at its limiting 
value so that dx/d& approaches zero roughly as A~?. Once the flow has become 
frozen in this manner, equation (15) suggests that there is no chance of it un- 
freezing again further down the nozzle unless s is very large. Note that this 
behaviour is a direct result of the three-hody collision process which is required 
for recombination; if recombination takes place in this way, then the'p? term will 
always occur, whatever the details of the recombination equation. Presumably 
da/d& will always become small if the density is sufficiently low. 

Figures 3, 4 and 5 show respectively the dimensionless density, velocity and 
temperature plotted against the area ratio for the cases © = 0, 3 x 10! and 
infinity, with s = 0. As before, the intermediate solution starts off from equi- 
librium and then quite suddenly diverges towards the frozen solution. The 
solutions for other values of ® are not shown on these graphs as they behave in an 
exactly similar manner; the case with ® = 10° is hardly distinguishable from 
frozen flow. The ratio of the characteristic speed ¢ of equation (19) to the sound 
speed a (equation (16)) has been calculated for the same cases, and is shown in 
figure 6; for equilibrium flow this ratio remains nearly constant, while for frozen 
flow it is always unity. The intermediate case drops sharply from the equilibrium 
curve as freezing occurs. Figure 6 shows that the maximum error in using c instead 
of a is always less than 13 %, and will be almost zero in the test section after 
freezing has occurred. Because this error is small, c rather than a has been used to 
define a Mach number V/, = v/c, and this is shown in figure 7. Freezing causes a 
large increase in Mach number, because of the fall in temperature. 

Integrations have also been carried out with various non-zero values of the 
parameter s, and figure 8 shows the variation of « with A when s takes the 
extreme value of 2-5, with the same stagnation conditions as were considered 
previously. It will be seen that the gas behaviour is qualitatively the same as for 
s = 0, with freezing taking place at the downstream end of the nozzle. However, 
the limiting value of « is somewhat smaller, and the approach to it is more 
gradual, as would be expected from the form of the rate equation. The effect of s 
upon the dissociation fraction is seen to be comparatively small. 

Another feature of the calculations is that the flow at the nozzle throat (§ = 0) 
is very nearly in equilibrium for all the cases considered, except for ® = Oand 10°. 
This means that the mass flow rate p*v* is independent of ® if ® is sufficiently 
large. Actually, p*v* does not vary greatly, even as ® -> 0, the limiting values 
being: 

@D = 0. p*v* = 0-868 x 10 3 
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Penner (1955) has considered the one-dimensional flow of reacting gas mixtures 
for application to propellant systems such as rocket engine nozzles. His funda- 
menta! equations are similar to equations (12) to (15), but he goes on to develop 
two linearized treatments for near-equilibrium and near-frozen flows. In the first 
of these he assumes that the temperature 7’ in the relaxing flow is so close to the 
corresponding equilibrium temperature 7, that an effective equilibrium constant 
may be defined for the relaxing flow as the first two terms of a Taylor series expan- 


sion about 7). This requires that ._T 
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Assuming that the approximation will become invalid if this fraction is greater 
than 0-5, then if A = 1000, 7, = 0-1 and p, = 5 x 10-®, we find that ® must be 
creater than 2 x 1018, Similarly, Penner gives a near-frozen solution, for which 

‘4al ‘TY 
T —T, 
4 bl 
r, 


where 7’, is the temperature for a given A with ® = 0. Assuming again that this 


aml 


fraction must be less than 0-5, we find, for the case quoted above, that ® must be 
less than 3 x 107. It appears, therefore, that there may be a wide range of values 
of the rate parameter 8x 107 < MO < 2x 108 
in which these approximate solutions can given appreciable errors. 

2 Fluid Mech. 6 
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For the rocket nozzle case it is permissible to neglect density changes in the 
nozzle when evaluating criteria for near-equilibrium and near-frozen flow (Penner 
1955), but this approximation is grossly in error in the case of a hypersonic wind 


tunnel, as figure 3 shows. 


5. Approximate solutions 

The solutions of equations (22) and (23) which have been described in the last 
section all have the property that they are indistinguishable from the equilibrium 
solution (equations (26) and (27)) at points sufficiently far upstream. Figure 2 
shows that the larger the value of ® the further downstream will the deviations 
from equilibrium occur, but that once such a deviation begins « very soon reaches 
a constant value ~,,, say. In other words the flow becomes frozen, and the rate 
equation is approximately da/dt = 0. 

Three flow regions may therefore be distinguished: 

(1) A region of flow near to equilibrium, in which both the rate of dissociation 
rp and the rate of recombination 7, are very large in comparison with the net 
dissociation rate dx/dt =rp)—rp, so that the equilibrium condition rp = rp is 
closely satisfied. Equilibrium will then continue so long as this situation is 
maintained, that is so long as 


(2) A transition region, in which p and 7' have fallen sufficiently so that rp and 
rp are of the same order as da/dt, and there is consequently an appreciable 
departure from equilibrium. This results in an increase in the rate of fall of 
temperature, which reduces 7’, because of the exponential term and so increases the 
deviation from equilibrium. Once this process has begun, freezing takes place 
quite rapidly. 

(3) A region of almost frozen flow, in which the exponential decrease of rp has 
gone so far that this term is negligible, i.e. 


da 
— > 30 
dt < 'p ( ) 
tly os 
and consequently TR 


But 7, is proportional to xp, if s is small, and so approaches zero faster than A~*. 
The overall change of « in this region is small. 

The two inequalities of equations (29) and (30) are the conditions for the gas 
to be near equilibrium and nearly frozen respectively. Freezing will take place 
suddenly if they are satisfied at adjacent points in the flow, and this will happen 
if 7 is decreasing much more rapidly than rp as € increases. From the definitions 
of rp, and rp, this means that (1—a)e-"? must approach zero faster than <p, 
which is simply the condition that the gas shall not follow the law of mass 
action (equation (7)). Freezing reduces 7’ and increases p, and the sudden 
nature of the change appears to be due to the exponential form in which 7 occurs 
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If the transition from equilibrium to frozen flow does take place within a small 
region of the nozzle, then it should be possible to construct an approximate 
solution of the flow problem, in which freezing is assumed to occur instantaneously 
at a particular point. The following is a simple attempt to define this point of 
sudden freezing. 

Since (—dza/dt) is much smaller than 7, for equilibrium, and much larger than 
rp When the flow has frozen, somewhere in the freezing region the two quantities 
must be of the same order of magnitude. Very approximately, 

da , 

—-—=Krp 

dt 

at the freezing point, where K is an undetermined constant, which we may expect 

to be of order unity. Now up to this point the gas is assumed to be in complete 

equilibrium, so that d«/dt and 7, may be found from the equilibrium solution 
(equations (26) and (27)), and the equation for the freezing point becomes 


l . 
- (4) = Krp,, (31) 


9 


where the suffix e denotes equilibrium. Equation (31) has been used to find the 
freezing point for the cases which were solved by step-by-step integration in the 
previous section, and approximate solutions for the region downstream of the 
freezing point have been computed by setting ® = 0, so that equation (25) applies. 
The results of some of these calculations are compared with the more accurate 
integrations in figures 2, 4 and 5, from which it appears that the approximation 
gives reasonable results in these cases. The constant K has been taken equal 
to unity; actually, better agreement with the more accurate calculations is 
obtained if AK is 1-6, but the method probably does not warrant such accuracy 
since K may actually vary. The results do not depend critically on the value 
chosen. 

{quation (31) also gives the limiting value of the dissociation fraction, «,,, as A 
goes to infinity, and this is shown in figures 9 and 10, plotted against the rate 
parameter ® for a wide range of stagnation conditions with s = 0. Figure 9 also 
gives the values of «,, determined from the numerical integrations of the previous 
section and the results of two further numerical integrations at J, = 0-08 and 0-12 
to check the predicted temperature variation of «,,. Once again, agreement with 
the approximate results is quite good. The variation of a, with s is shown in 
figure 11; here the agreement between the approximate theory and the numerical 
integrations is not so good, suggesting that larger values of K are required for s 
greater than zero. The overall variation of «,, with s is shown to be small, but this 
does have a noticeable effect on the value of ® required to maintain equilibrium, 
which may be decreased by a factor of about ten if s is changed from zero 
to 2-5. 

It appears from figure 9 that if s = 0 the flow will be approximately frozen 
everywhere if ® is less than 10°, and that it will be near to equilibrium every- 
where if ® is greater than a value ®,, which varies from the region of 10! with 
T, = 0:07 to more than 10!8 with 7, = 0-15. Anywhere within these very wide 
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limits the gas will be partly frozen and partly in equilibrium. It follows that 
nozzle scale effects must be small, since ® is directly proportional to the linear 
dimensions of the nozzle, and increasing the nozzle size by a factor of ten cannot 
reduce «,, by more than about 0-1 at the most, while the reduction may be very 
much less. Also, we do not need to determine ® very accurately in order to 
estimate how much freezing will take place in a particular nozzle; this is fortunate 
in view of the present uncertainty about dissociation and recombination rates. 
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Figure 12. The rate parameter and area ratio for sudden freezing. 1, Southampton 
hypersonic tunnel; 2, 16 in. hotshot ; 3,50 in. hotshot. Approximate solutions: p, = 5 x 10-, 
8= UV. 


Figure 12 shows the area ratio at which the sudden freezing of this approximate 
theory will occur as a function of ® for various temperatures. Also indicated are 
values of ® using the rate constants of Woods (1956) and Heims (1958) for typical 
large and small nozzles. The intersections between the two sets of curves show the 
area ratios to which equilibrium may be maintained under various conditions. 
The effect of stagnation pressure on the freezing process is shown in figure 10. 
Decreasing the stagnation pressure increases the value of ® necessary for equi- 
librium; this will be important in low density high Mach number wind tunnels. 
, The above calculations have been concerned with the fiow of a dissociating gas 
through a wind-tunnel-type nozzle, in which gas initially at rest is accelerated to 
hypersonic speed through a convergent-divergent nozzle with a sonic throat. 
However, there is interest also in the case of the hypersonic shock tube. Here the 


iS: ap j . 
air is accelerated to a low supersonic speed by the passage of a strong normal 
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shock wave; it probably has time to reach thermodynamic equilibrium before it 
enters the divergent nozzle, and is accelerated to hypersonic speed. Under 
certain circumstances then, the shock-tube flow will be nearer to equilibrium 
than the corresponding wind-tunnel flow. However, from the calculations above 
it appears that if ® is sufficiently large the wind-tunnel flow will also be in 
equilibrium at the point corresponding to the inlet of the shock-tube nozzle, and 
the two flows will then be identical downstream. This will occur if ® is greater 
than 10!°, approximately, for the cases considered here with s = 0. 

It is possible that an equation similar to equation (31) may be useful to deter- 
mine the conditions under which the flow of a real dissociating gas through a 


nozzle will freeze. 


6. Effects of nozzle shape: the optimum nozzle 

Any conical nozzle is included in the above analysis, and the expansion angle 
does not appear explicitly in the results, as it is contained in the dimensionless rate 
parameter ®. However, a wind tunnel working section is usually a duct of con- 
stant cross-sectional area, and this case needs special consideration. 

We have shown in previous sections that, if ® lies within a certain wide range 
of values, the dissociation fraction « will approach a constant value «,, in the 
expanding part of the nozzle, and that the recombination rate, —da/dt, will become 
small. In this section we shall try to determine whether it is possible for —da/dt to 
become larger again in a region of parallel flow, and hence whether a can deviate 
from «,,in such aregion. We shall also consider the problem of finding an optimum 
nozzle shape to avoid freezing as far as possible. 

It is assumed that the transition to parallel flow takes place smoothly and in 
a short distance, so that the flow conditions at the beginning of the constant 
area region are the same as those at the end of the expansion. The rate equation (15) 
then shows that —da/dt will be the same at both ends of this transition region. 
We wish to discover how rapidly —da/dt can vary downstream of this point, and 
an upper limit to this variation is given by neglecting the rate of dissociation 
entirely, so that equation (15) becomes 


Now p is proportional to 1/v, since the area is constant, so if s = 0, 
da 2] 
ae ; 

Vv) 

The temperature is low in the working section, so equations (9) and (14) give 
v2 ~ 2(t)—a) 
da ja \ 

and -= ~ (. . 
dt by — ot 


This shows that —da/dt gets smaller as « gets smaller; in fact, at the entrance to 
the constant area portion of the nozzle, —da/dt is already small, and it must 
become still smaller downstream, so there appears to be no likelihood of an 
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appreciable change in « taking place within this region if s = 0. Putting s = 3 


multiplies all values of dx/dt in the above argument by a factor of about 5 for the 


cases considered in § 4, but this is not nearly enough to affect the numerical value 
of « significantly. 

It appears, then, that freezing will eventually take place in a nozzle of the type 
considered, and that a constant area working section will not unfreeze the gas 
appreciably. However, it is still possible that there is a different nozzle shape 
which will give better results. 

The maintenance of equilibrium in a nozzle depends not only on the rate con- 
stant of the gas passing thr@ugh it, but also on the size and shape of the nozzle 
itself. These factors have been combined in the dimensionless rate parameter ®, 
which determines whether the flow remains in equilibrium or how soon it freezes. 
For conical nozzles ® may be written in the form 


, [dA 
= BA} 32 
@ = BA lz (32) 


where B is a reduced reaction rate constant, o || ), and Z is the ratio 


D)/2m) 
a’|,/A*, where wv’ is the distance along the nozzle axis. 

The area ratio at which sudden freezing will occur has been calculated from 
equation (31) as a function of ® for different stagnation conditions. The results 
are shown in figure 12. They enable us to estimate the minimum value of ® 
required to expand a given flow through a given area ratio in a conical nozzle and 
maintain equilibrium. If the gas properties are known, equation (32) then gives 
the maximum allowable expansion angle for the nozzle. In practice this angle 
usually turns out to be very small, giving a conical nozzle which is much too long, 
and a test section flow which is filled by the wall boundary layer. 

We therefore wish to find the shape of a nozzle which will expand the flow from 
a given throat area to a given test section area in the shortest possible length, 
consistent with the maintenance of thermal equilibrium, in order to cut down 
boundary layer growth. This will be called an optimum nozzle in the following 
paragraphs. 

The optimum nozzle has a shape which keeps the flow continually on the verge 
of freezing, but never expands it quite fast enough for freezing to occur. Such a 
shape will clearly start with a large expansion angle near the throat where the 
temperature and density are high so that the rate of recombination may be large, 
but the expansion angle will get progressively less further down the nozzle. 

A very approximate expression for this shape may be found by regarding the 
optimum nozzle as being made up of a large number of conical sections, in each 
of which the expansion angle is chosen so that ® is large enough to ensure 
equilibrium. Then, from equation (32), the optimum shape is given by 
1 (+ D(A) 
BJ), A} 


© 


Z= dA, (33) 


where (A) is the rate parameter required to maintain equilibrium, which may be 
obtained from figure 12. The equation of the corresponding conical nozzle, having 
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the same value of ® at its exit area A,, and therefore giving the same test section 
conditions providing both nozzles do in fact maintain equilibrium, is 

» 


Z = 7, (A) Ab, 


2 


Now the data of figure 12 is fitted quite well by an equation of the form 
: | 


@ = @A”., (34) 
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FIGURE 13. Ratio of length of conical nozzle to length of corresponding optimum 
nozzle. My = 0X10 6 s= 0. 


where the constants © and n depend on the stagnation conditions. To this approxi- 
mation the optimum nozzle shape, equation (33), becomes 


@Q Ant 


Bn =a 


J (35) 
and the ratio between the overall lengths of the conical and optimum nozzles is 
simply 
(Zi)cor ) 92\ 
= = ZN -+ 1. (36) 
(Z,)opt 


> 


This ratio is plotted in figure 13, against stagnation temperature, for the case 
; = 0. It will be seen that the optimum nozzle is between one-fifth and one-tenth 
of the length of the corresponding conical nozzle, which should lead to a worth- 


while saving in boundary layer growth. 


petion 


(34) 
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An analysis of this kind is obviously not mathematically rigorous and so needs 
checking. In order to carry out such a check a few step-by-step integrations have 
been'made for nozzies of the shape given by equation (35), with the parameters © 
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Figure 14. Dissociation fraction for optimum nozzles. Stagnation conditions: p,) = 5 x 10~®, 


= 6. -, Equilibrium; , optimum nozzle. 


and n taking the values indicated from figures 12 and 13. The dissociation 
fraction a obtained from these calculations for three different stagnation tem- 
peratures is compared with the corresponding equilibrium solutions in figure 14. 
It will be seen that a flow very close to equilibrium is achieved in each case. 
A numerical example of the size and shape of the optimum nozzle is given below 


for a typical case. 








26 Kk. N.C. Bray 


We consider a hypersonic wind tunnel with an area ratio of 1000. The working 
fluid is oxygen and the stagnation conditions are 7) = 0-1 and py = 5x 10-6 
(corresponding to 5900° K and 115 atmospheres). 

Figures % and 12 suggest that to ensure complete equilibrium in the test section 
of this tunnel the ®-value for its conical nozzle would have to be about 10", if 
s = 0. Figure 1 then shows that the nozzle would need to be 630m long, if the 
rate constant of Heims (1958) is used; the corresponding optimum nozzle would 
be 126m long. If s takes the extreme value of 2-5 the required ® is reduced to 
about 10', so the lengths of the conical and optimum nozzles are 63 and 12-6 m, 
respectively. An optimum nozzle for this case, with a test section area of two 
square metres, is drawn to scale in figure 15. Its shape requires some modification 
near the throat, which adds slightly to the length. 


Scale of metres 











Optimum nozzle for oxygen 


FicuRE 15. Shape of optimum nozzle. Stagnation conditions: 7’, = 0-1, 


Dy = 5x 10-8, s = 2-5. 


Nozzles of this type might not be practical for aerodynamic reasons even if they 
were smaller. However, the calculations above do suggest that a modest decrease 
in dissociation fraction for a given nozzle length may be achieved by suitable 
contouring. The initial rate of expansion downstream of the throat must be as 
large as other considerations will allow, and then the rate of expansion must be 
progressively reduced further downstream. 


7. Effects of lack of equilibrium in the test section 

The calculations presented above suggest that the flow in the test section of 
a hypersonic wind tunnel may deviate considerably from thermal equilibrium for 
a wide range of stagnation conditions. We must therefore consider what effects 
these non-equilibrium phenomena will have on quantities measured in the tunnel 
test section. 

Figure 16 shows the conditions that will be encountered at an expansion ratio 
of 1000 with s = 0, 7, = 0-Land p, = 5 x 10-6 as calculated in § 4, plotted against 
the rate parameter ®. It will be seen that the velocity is slightly reduced by 
freezing and the density is correspondingly increased; however, the temperature 
is reduced by a factor of about 40 and the static pressure by about 17. These large 
changes may be expected to have a considerable effect on the flow past bodies in 
the tunnel. Most bodies at present being tested are more or less blunt-nosed and 
will therefore have nearly normal shock waves in front of them, so it is of interest 
to see what effect freezing in the flow upstream of a normal shock will have on the 
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king ¢ flow behind it. If conditions ahead of the shock are denoted by a suffix (1) and 
« 6 . . . . 
isi those behind by (2), then the equations of motion are: 
. P11 = P22 (37) 
tion 
ms if Prt Pry = Pot P2X2, (38) 
the 0, + du} = 1. + 403. (39) 
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} FicurE 16. Test section conditions. A; = 1000, Ty) = 0-1, pp = 5x 10°, s = 0. 
utio = mee : : : : 
we [he conditions ahead of the shock are known from the nozzle calculations of 
§4 as functions of € or A, so the shock wave equations can be solved at a given &. 
vV : bas, peer 2 ot . ; ’ : 
It is assumed for the present that equilibrium is reached quickly behind the shock, 
ure . 
so that Ae 
rge 2 _ | e-UT, 
sin l-—a, po 
und from the law of mass action (equation (7)). This is a reasonable assumption, as the 
rest high temperature and pressure behind the shock will favour rapid equilibrium; 
h c 1 
the however, relaxation effects behind the shock are discussed later in this section. 
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= ¢ 


Using the thermodynamic relationships of §2 and neglecting p,, which must be 
very much smaller than p, v7 if the flow is hypersonic, equations (37), (38) and (39) 





may be written: o*y* 
{ = Po Vo; (40) 
aa 
is eo i 
r VL2(% — %3)] = Pot for, (41) 
44 
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FIGURE 17. Conditions behind a normal shock wave. A, = 1000, 7) = 0-1, 
Dox 10-§, s = O. 


The left-hand sides of equations (40) and (42) are independent of nozzle 
relaxation effects, since we have shown that the mass flow p*v* does not vary much 
with ®. The left-hand side of equation (41) does contain 7,, which depends on ®, 
but the numerical variation of the whole term is not large. Also, from equa- 
tion (42), the enthalpy behind the shock, 7,, cannot differ greatly from the 
stagnation enthalpy, 7», since the velocity behind a strong shock wave is small, 
so that 7, must be almost independent of ®. It follows that the equilibrium 


ist be 
1 (39) 


(40) 


(41) 
(42) 


Atomic recombination in a hypersonic wind-tunnel nozzle 28 


conditions behind a normal shock wave cannot be greatly affected by relaxation 
in the nozzle upstream of the shock. 

Solutions of equations (37), (38) and (39) have been found by Lighthill’s 
iteration method (Lighthil) 1957) for the case with s = 0, 7, = 0-1, py = 5 x 10-6 
and A, = 1000, by using the results of §4, and the results of these calculations are 
shown in figure 17. It will be seen that «, and 7, are almost independent of the 
degree of freezing in the nozzle, but that freezing reduces the density behind the 
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shock to about 75 °% of its equilibrium value. The Pitot pressure, poo, is also shown 
in figure 17, and it also is reduced somewhat by freezing. To the accuracy of the 
Newtonian approximation, the drag of a given body is proportional to the Pitot 
pressure, so the pp. curve shows that drag forces will be underestimated in a frozen 
flow. Anestimate of the effect of non-equilibrium in the nozzle on the heat transfer 
rate at the stagnation point of a blunt body can also be made. Fay & Riddell 
(1958) have solved the heat transfer problem for a wide range of conditions; here 
their solution for equilibrium within the boundary layer has been used together 
with the assumption of constant wall conditions, and figure 17 shows the caleu- 
lated ratio of heat transfer rate (q.) to heat transfer rate with O = 0 (g;.). Freezing 
in the nozzle is seen to cause a reduction in the measured heat transfer rate. 
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Further, the simple blunt body theory described by Lighthill (1957), in which 
the flow between the shock wave and the nose of the body is assumed to be 
incompressible, can be applied to determine the stand-off distance of a shock wave 
in front of a spherical nose (see figure 18). The stand-off distance depends on the 
shock wave density ratio; p. is reduced by freezing while p, is increased, and the 
resulting change in p,/p, is sufficient to increase the stand-off distance by a factor 
of two as the flow freezes. 


OS 


wr 
ia 


Equilibrium Frozen 


FicureE 19. Shock wave shapes for equilibrium and frozen flow (not to scale). 


According to approximations of the Newtonian type the shock wave in front 
of a blunt body closely follows the body shape near the front stagnation point, 
further round the body the shock separates from the surface, and after this its 
strength gradually weakens and its inclination gradually approaches that of a 
Mach wave. It is therefore of interest to calculate the Mach angle 


Cc 
3 = gin -, 
/ - 


and this has been done from the calculations of §4. The results are shown in 
figure 18, from which it will be seen that the Mach angle is reduced by a factor of 
about three if freezing occurs, mainly because of the large fall in static tempera- 
ture. This result, together with the increase in stand-off distance, suggests that 
a measurable change in shock wave shape may be expected as a result of nozzle 
freezing. This effect is illustrated in the sketches of figure 19, which are not to 
scale. 

The above analysis of flow past a blunt body neglects any lack of equilibrium 
in the flow between the shock wave and the spherical nose, but Freeman (1958) 
has provided the necessary extension to non-equilibrium flows. He shows that 
for a given set of equilibrium conditions upstream of the shock, the stand-off 
distance depends on a dimensionless rate parameter 
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in our notation, where 7 is the radius of the sphere. The ratio of our rate parameter 
® to Freeman’s A is © , (A*)2, 
A 4KyrT8p, 

Now for a typical model in a typical hypersonic wind tunnel, this ratio is of the 
order of 1/p, (if s = 0), that is, about 108. But Freeman shows that most of the 
relaxation effects behind the shock wave occur, for a typical example, in the 
range 0<A< 100, 
or approximately in the range < ® < 1010, 

The nozzle flow will still be nearly frozen with © in this range, so that as the 
gas passes through the shock « only has to make the small change from & to &,; 
this should reduce the effects of relaxation behind the shock. If ® > 10", so that 
the nozzle flow is approaching equilibrium, then A > 10? and relaxation behind 
the shock is again negligible in its effect on the stand-off distance. It therefore 
seems reasonable to assume, as we did earlier in this section, that the stand-off 
distance, as measured in a hypersonic wind tunnel, depends only on relaxation 
effects in the wind-tunnel nozzle itself. However, Freeman’s analysis could, if 
necessary, be modified to allow for a non-zero value of «,. 


8. Conclusions 

If the assumptions which have been made in this paper are accurate, then the 
flow of a partly dissociated gas through a hypersonic shock tube or wind-tunnel 
nozzle will remain in chemical equilibrium until a certain point in the nozzle is 
reached. Downstream of this point the gas will ‘freeze’ quite rapidly, so that its 
composition will remain almost constant if the flow is expanded further or passed 
through a constant area test section. It is suggested that this behaviour is ¢ 
consequence of the triple-body collision process through which recombination 
occurs, and that freezing can be avoided only if the reaction rate parameter © is 
greater than a value ®,. This is about 10 for the typical case considered in § 4, if 
the area ratio of the nozzle is 1000 and s = 0. Increasing the stagnation tempera- 
ture or decreasing the stagnation pressure increases ®,, but a positive value of 
s decreases it. If s is increased from zero to 2:5, ®, is reduced by a factor of 
about ten. 

The values of ® achieved for the flow of oxygen or nitrogen in large and small 
nozzles with various values assumed for the rate constant lie within the range 


3x108< D< 3x 10%, 


< 
so it is concluded that freezing will occur under conditions of practical interest. 

The shape of an optimum nozzle has been derived in order to expand the gas in 
equilibrium in the shortest possible length. This is shown to be about one-fifth of 
the length of the corresponding conical nozzle, but it is still too long for practical 
applications. 

The flow near the nose of a blunt body in the tunnel test section is shown to be 
affected only slightly by freezing in the nozzle, but the shock wave shape may be 


altered significantly. 
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Energy dissipation in standing waves 
in rectangular basins 


By GARBIS H. KEULEGAN 


National Bureau of Standards, Washington 
(Received 29 November 1958) 


The modulus of decay of standing waves of finite height is derived by assuming 
that the attenuation of the waves is due to viscous losses in boundary layers close 
to the solid walls. Dampings are observed in six basins of varying sizes. The basins 
are duplicated using glass and lucite for the wall materials. With liquids wetting 
the walls. the losses due to viscosity are slightly increased from causes presumably 
related to surface tension. With a liquid not wetting the walls (distilled water and 
lucite), losses from surface activity, of some obscure origin, outweigh many times 
the losses due to viscosity in the basins of smaller sizes. For moderately large 
basins, for which surface activity may be neglected, the agreement between the 
observed and computed rates of decay is found to be satisfactory. 


1. Introduction 


The aim of the present study is to examine the nature of energy dissipation in 
standing waves in rectangular basins. Observations of the rate of decay of 
standing waves reveal, upon proper analysis, that a significant amount of energy 
dissipation arises from interfacial effects as well as from the better known boun- 
dary-layer effects. This finding broadened the scope of the investigation beyond 
its original purpose, which was to determine how closely the observed rate of decay 
could be predicted by utilizing the boundary-layer concepts as put forth by 
Boussinesq (1898). 

It has been found necessary to re-examine the boundary-layer analysis in order 
to obtain valid theoretical results. Briefly, in this analysis it is assumed that the 
entire loss of energy of waves is localized in the boundary layers adjacent to the 
solid walls. The liquid is at rest at the boundaries, and within the layers the motion 
is laminar. The limiting velocity at the outer edge of the layers is approximated by 
the velocity prevailing in the irrotational core. This is the velocity which would 
be attained at the walls had the layers been absent. The dissipation in the layers 
is assumed to be due solely to viscous effects associated with ordinary viscosity and 
velocity gradients. The equation giving the balance between the decrease of wave 
energy per cycle and the dissipation in the layers leads to the modulus of decay of 
wave height. The modulus is taken as the measure of the dissipation. 

To examine the existence and the significance of any additional dissipation due 
to surface activities, basins of varying sizes were used. Also, the basins were 
constructed from two different materials, glass and lucite. The experiments with 
the glass basins were conducted using distilled water and glycerol aqueous 
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solutions. These provided a variation in viscosities without changing markedly 
the surface tensions. 

It has been found that for a given viscosity parameter, a type of Reynolds 
number to be defined later, dissipation increases as the size of the basin decreases, 
The increase is significant only for the basins of small size. On the other hand, this 
effect is reduced for ethyl alcohol, a liquid of smaller surface tension. All these 
facts may point to surface tension as a source of dissipation arising from the 
adherence of portions of liquids to the glass walls during the wave motion. 

Some curious features were disclosed by the results obtained in the lucite basins 
using distilled water. Here the observed dissipation is twice or three times as 
large as that observed in glass basins. The greater increases are encountered in the 
smaller basins. Clean surfaces of lucite are not wetted by distilled water. When 
aerosol, a wetting agent, is added to the distilled water the dissipation is reduced, 
indeed to a degree that all effects become identical both in lucite and glass. Again, 
when using xylene or a mixture of xylene and a heavy mineral oil, which sub- 
stances do wet the lucite and have also low surface tensions, dissipation is likewise 
reduced. All these facts suggest interfacial stresses of very large values as a source 
of dissipation, which differs depending on how the liquid adheres to the walls 
during the wave motion. 

When the surface effects are abstracted, the observed and the computed values 
are brought into better agreement. The observed values after correction are, 
however, still about 10°% higher than the computed ones. 


2. Dissipation of energy near solid walls 

The modulus of decay is a measure of the energy losses realized during a com- 
plete oscillation. The number of oscillations n equals t/7'’, where T' is the period of 
waves. One may take én to represent the time for a single oscillation. Let d# be 
the increase of wave energy and ¢€ the loss of energy from whatever source during 
a single complete oscillation, and thus 


OE edn 
+ I A i 
E E (1) 
: 1 fn 
Putting a= | Rom (2) 
a = 

; E 
equation (1) gives _ en2an, (3) 

“0 


where EH, is the wave energy at t = 0, or n = 0. Since £ is proportional to the 
square of the semi-amplitudes a, one also has 


= = e-an — e—al/T (4) 


le 
The quantity «, a dimensionless number, will be referred to as the ‘modulus of 
decay’. From the definition implied in equation (2) it is seen that if ¢/E be 
independent of », hence independent of the amplitudes, the modulus of decay 
equals half the ratio of lost energy during a completed cycle to the energy of the 
wave during that cycle. Otherwise, « is half the average value of the correspond- 
ing ratios over the range n. 
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In the present experiments on the decay of standing waves, the observations 
are made on waves of finite amplitudes. As in these cases the end extreme 
depressions are smaller than the end extreme elevations, a question arises as to the 
expression of wave energy in terms of the end deflexions. This quantity is needed 
in the evaluation of the modulus of decay of the waves, equation (2). For this 
purpose it suffices to consider the second approximation to the surface heights. 

The body of water of depth H is contained in a rectangular basin of length L and 
of width B, as indicated in figure 1. The free surface of the undisturbed water is 
taken as the (x, y)-plane and the axis of z is drawn upwards. The limiting planes 
aex =0,2=L;y=0, y= B; and z=0, z= —H. The velocity components 
parallel to x, y, z are u, v, and w, respectively. 





t=n/20 











| L --| 


bee 
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FicurE 1. Notation diagram showing basin, standing wave, and axes. 





In the second-order theory the velocity potential for the primary mode may be 
written as 
¢@ = A,coshk(z+ H) cos kx cos ot + A, cosh 2k(z + H) cos 2kxsin 20t, (5) 
where 
A, = —ag/ocoshkH, A, = -3;A,ak/sinh®kH, o? = gktanhkH, 
with k=n/L and o = 2a/T. 


Accordingly, the particle velocities in the main body of water are 


k cosh k(z + £ 3ga2k? cosh 2k(z+H , : 
= cosh k(2+ me come Sete +2) sin 2ka sin 2ot, 


MO = cosh kH 4 o sinh?kHsinh2kH 
(6) 
and 
gak sinh k(z + H) 3ga2k2 sinh 2k(z+H) . ; 
-“ ‘cos kx cos ot + — = s 2k sin 2ot. 
o  coshkH - eileen o sinh?kH anh 2kH seni 


(7) 
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The surface elevation, when measured from the undisturbed water level, may be 
written as 


h = acoskzx sin ot + a(4ak) N, cos 2kx — a(tak) N, cos 2kx cos 2ot, (8) 
; ,  cosh2kH V cosh? kH (cosh 2kH + 2) 
where N, == , = a 
1 sinh 2kH ‘ sinh? kH sin 2kH 


These equations are equivalent to the results of the second-order theory given by 
Miche (1944). The extreme values of h occur at the instant t = n7’+7/2¢, and 
are thus h, = a(1+tak[N, +N5]) (2 =O), 


h, = —a(l—taki{N,+™,]) («= L). 


I 


Accordingly, the extreme end deflexions differ in absolute value, the elevations 
being larger than the depressions, and their ratio is 
1 ofA rT }\/ 1 TN y 
h,/hg = —(1+4ak[N, + N,])/(1— dak, +N). (9) 
At no time during the oscillations does the surface of the water in the basin 
assume a horizontal plane position. A residual displacement persisting at time 


t = 0 has the value hia = 4ak(N, — Nj) cos 2ka, 


indicating, since JN, is larger than ,, the presence of a symmetrical hump of 


small elevation at the central portion of the basin. 

A node in the ordinary sense does not exist. If, however, the node be defined as 
a point of the surface having zero displacement from the initial undisturbed level 
of water and the distance from the basin mid-section be denoted by € = }L—2a, 
the excursions of the node are given by 

sin k€sin ot = jak cos 2kC(N, — N, cos 20%). 

Denote the maximum value of the excursions, which occurs at time t = 77/20, by 
Y la Bl ™ r 
€. Thus sin k€, = jak(N, + N,) cos 2k. (10) 


The energy /, of the wave per unit width of the basin may be expressed as 
al 


ha AFD a 
By spa | h?dxu+ ip | ds = - (ar). =| dx, 
0 ~ Jo LNG J \OU] gO 


of which the first integral in the right member represents the potential energy of 
the wave and the second the kinetic energy. The subscript s indicates that the 
quantities are evaluated for points on the whee. Introducing the values of ¢ and 
h from equations (5) and (8) and neglecting terms involving a?k?, the energy is 
E, = 40pga*/k, a= }(h,—A,), (11) 
which is the expression sought for. 
Conceivably, the loss ¢ may be from different sources representing the sum 

€ = €)+€,+... +é,, (12) 
and thus the modulus may be broken into several parts: 

A= 4+%+...+4&,, (13) 

L 7s. 


where b= "dn. (14) 
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We shall denote the loss of energy per cycle arising from viscosity by ¢, + €), of 
which the first represents the loss in the boundaries and the second that in the 
main body of liquid. First the derivation of ¢, will be given. 

Considering the vertical wall y = 0, and writing z’ = z+H, the particle velo- 
cities in the layer are (following slseiiniias 1898)) 


U—U,y = —f,(x, 2’) e44 cos (ot — Py) (15) 
and W— Wy = erie z')e-#¥ cos (ot — By), (16) 


where £ = ,/(o/2v), wand w are the velocities within the layer, and wu, and wy are 
the velocities outside the layer, that is uw) = f,(x, 2’) cos of and Wy = f2(x, 2’) cos ot. 
From equations (6) and (7) neglecting terms involving a*k?, one obtains 

gak cosh kz" 


fil@, 2) = — o coshkH ane 


gak sinh kz’ 


d (2, 2’) = +—— — ska. 
- il a o coshkH mle 
At the bottom z = —H (orz’ = 0), 
U—Uy = —fe(x) e-*4 cos (ot —2'f), (17) 
where f,(x) = _gak sin ka 


o coshkH’ 


At the wall a = 0, 
wW—W,) = —f,(z’)e-*4 cos (ot — xf), (18) 


», _ gak sinh kz" 
mem fil) = o coshkH’ 


Again, considering the vertical wall y = 0, the amount of energy dissipated in 
the viscous layer adjacent to the wall and during a complete cycle of period 


PL po Peale /dy\2 (/dw\2 
[ [ (; “) + (~) Ja dy dx dz’, 
0 CY, oy 


70 40 o 


= 2m/c is 
H 





AE, = uu [ 
J0 
or, substituting from equations (15) and (16), 
, _ ga? | /up\ sinh 2kH 
Ak, a2 ai \3o } cosh? kH laa 


} 


The same amount of energy is dissipated also near the wall y = B. Near the wall 
= 0, the corresponding loss of energy is given by 


. 202 7 ue) Bk sinh 2kH 
AE, = (5) —kH}. 20 
|| cosh®kH | 2 ae, 
The same amount of energy is dissipated also near the wall x = L. 
Near the bottom, z = —H or z’ = 0, the corresponding loss is given by 
" g* a 77 =| 

AE, = (=) 21 
? o Fal _ I H* =) 








38 Garbis H. Keulegan 
The total amount of energy lost during a completed cycle, €,, is now 
€, = 2AEH, + 2AH, + AK;,, 


and from equations (19), (20), and (21) 


ease TAME) mtanhkH y, 


mga /(up 
“i. k I) X> (22) 


where y = (1+ Bk) + Bk(a — 2kH)/sinh 2kH. 


or, using equation (5), 


Equations (11) and (22) give for the modulus of decay, a, = €,/2,, the value 
1 1 . 
a, = n-tyvbTt/B. (23) 
1 ‘i = e 1 a . * ‘ 
The modulus varies directly with the number v?7'?/B, which is the viscosity 
parameter, a form of the Reynolds number. For basins and waves similar in 
shape the modulus varies directly with the viscosity parameter. 
When the loss per cycle in the main body due to viscosity, €;, is computed by 
the method of Lamb (1932, § 348) applied to the case of progressive surface waves, 
it proves to be ¢; = yma*gkBT. Hence, the corresponding modulus a}; = €;/2£, is 


ot = 2k2 By T |B. (24) 


This part of the modulus varies as the square of the viscosity parameter. 


3. Experiments on the characteristics of waves- 

The study of the damping was made with various basins of geometrically similar 
construction but of different sizes. The dimensions of these together with the 
water depths are given in table 1. In the basic dimensions the experimental 
waves were similar; the depth ratio H/Z = 0-425, width ratio B/L = 0-217, and 
kH = 1-335. 


Basin H (em) LT (em) B (em) A/L B/L T (sec) 
A 103-0 242-0 52-6 0:425 0-217 1-89 
B 40-4 94-7 20:6 0-426 0-217 1-20 
C 20-1 47°4 10-1 0:424 0-217 0:83 
D 15-7 37-0 8-0 0-425 0-216 0:73 
E 11-8 27:8 6-1 0:425 0-218 0:64 
F 10-1 23-8 5-2 0:425 0-218 0-59 


TABLE 1. Dimensions of basins 


All the boundaries of each basin, the side walls, the end walls, and the bottom 
were smooth. Two sets of basins were constructed, one of glass and the other of 
lucite. The walls were transparent, and thus the surface could be viewed either 
from the sides or from the ends. 

The essential details of the apparatus are shown in figure 2. The waves are 
produced by rocking the basin on a transverse axle placed at the mid-bottom. The 
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cam is actuated by a variable speed d.c. motor. The eccentricity of the cam deter- 
mines the amplitude of the rocking motion. At the resonance frequencies the 
waves are readily built up to large amplitudes even when the eccentricities of the 
cam are small. After the creation of a wave of the desired height the rocking is 
stopped, care being taken to immobilize the basin during subsequent surges. 
Observations may then be made of the deflexion of the ends or the excursions of 
the nodal point or the gradual attenuation of the wave height. 
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Sketch of rocking basin apparatus. 
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FIGURE 3. Variation in the ratio of the extreme maximum end deflexions. 


To establish the range of wave heights within which the result of the second- 
order theory as derived above is applicable, the examination is confined to the 
end deflexions and to the maximum nodal excursions. The results of observation 
on the end deflexions are given in figure 3 where the ratio —h,/h, is plotted 
against h,/H as shown by the circles. These are average values determined from 
three basins, the two larger ones and the smallest. The theoretical curve is 
computed from equation (9). As long as h,/H, that is the ratio of maximum end 
deflexion to the depth of water, is less than }, the ratio of the end deflexions is 
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correctly given by the theory. Above this limit, that is h,/H > 3, the observed 
values fall below the theoretical ones. 

It is instructive to consider also the dependence of the extreme nodal excursions 
on the wave height. Representative observations are plotted in figure 4. In this 
case the width B was 20 cm, and the water surface lines were photographed at the 
times of maximum deflexions. The photographs also showed the images of the 
lines traced on the side wall giving the position of the undisturbed water line and 
the mid-section plane. The desired data were obtained from these photographs. 
The theoretical curve was computed from equation (10) with kH = 1-335. For the 
wave height ratios a/H smaller than 0-3, the agreement between theory and 
observation is satisfactory. For ratios greater than this the observed nodal 
excursions are smaller than the theoretical estimates. 
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FIGURE 4. Variation in the extreme excursions of the node. 


It is inferred that the second-order theory as given above is sufficiently 
accurate when the deflexion ratio h,/H is less than 4. 


4. Energy dissipation in glass basins 


The determination of rate of decay of the waves from observation of successive 
end deflexions was carried out in two different ways, depending on the size of the 
basin. For the larger basins visual readings were made simultaneously by two 
observers, while for the smaller basins the information was obtained by photo- 
graphing the wave surface with a motion-picture camera and later examining 
individual frames for the maximum end positions. On the basis of information 
given in figure 3, the value —h, corresponding to a given h, is ascertained, and the 
quantity a = 1(h,—h,), the semi-wave height, is formed. Finally, the curve 
giving this a as a function of ¢ is established. 

To show that the observed dampings of standing waves in these experiments 
are characterized by a modulus of decay @ as required by equation (4) and with 
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the amplitude as a = 4(h, —h,), the data with water from the three channels A, B 
and C are given in figure 5. The plotting is semi-logarithmic and a/a, is plotted 
against ¢/7’. In these data, ay is the initial value, ay = 0-25H. The alinements of 
the observed points are linear and a constant value of the modulus of decay is 
assured in each case. 
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FicuRE 5. Examples of decay of amplitude of oscillations with time. 


The modulus of decay in tests considered later is not obtained from curves 
similar to the ones shown in figure 5, but rather, using equation (4), from the 


following relation: . a, 

4 = log ( *, (25) 
t, a,) 
where @, is an initial value and a, a subsequent value, inferior to do, and t¢, is the 
time for the semi-amplitudes of the oscillations to decrease from a, to a,. Since 
the computed values of the period 7' of oscillations from equation (5) are in 
agreement with observation, the theoretical values are used. Whenever a curve 
a = a(t) is available, the quantity ¢, is read from the curve, after a) and a, are 
selected. For reliability of the results concerning the modulus of decay, the latter 
is computed several times in a given test by selecting various values of a, in 
decreasing order while keeping a, the same. 

To determine the effect of viscosity on the modulus of decay, and thus indirectly 
on the rates of energy dissipation, distilled water and glycerol aqueous solutions 
were first chosen. This choice of the liquids provided a considerable variation in 
the viscosity with only insignificant changes in surface tension. To be assured of 
the right values of the viscosity, separate determinations were made of the 
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kinematic viscosity for each concentration at the temperature applying to test 
condition by a modified Oswalt type viscosimeter. 

The effect of viscosity was examined in all of the basins except the largest, with 
B = 52cm, where tests were confined to city drinking water. The observed 
moduli of decay are presented in figure 6, where it is seen that the values depend 
on the width of the basin B as well as on the viscosity parameter. This separate 
dependence on B would not be expected considering the fact that the waves were 
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FiaurRE 6. Observed modulus of decay of amplitudes in glass basins 





Glycerol- Alcohol y= 0 

B yi7Tt/B water («) (a) (c,) 
5:2 19-6 x 10-3 0-:0695 0:0552 0-0495 
6-1 18-1 x 10-3 0:0605 0-04.95 0-0458 
8-0 15°3 x 10-8 0-0445 0-0397 0-0375 
10-1 13°6 x 10-* 0-0380 0-0349 0:0335 


TABLE 2. Effect of surface tension on modulus of decay 

similar in depth and length in terms of B. This anomaly indicated a possible effect 
arising from some obscure surface activity phenomenon. Supposing that this 
might depend on surface tension, tests were made with ethyl alcohol, which has 
a much lower surface tension than the solutions previously used. A comparison is 
made between the results with alcohol and with glycerol aqueous solution in 
table 2 for equal viscosity parameters. It is obvious that alcohol gives smaller 
dissipation. 

One may break the observed modulus of decay « into two parts, @ = & + Gy, a 
being the part due to viscosity and a, due to surface tension. On the basis of 
dimensional reasoning for similar waves, that is with the ratios B/H and kH 
invariable, one may deduce that 

a, = a,(v?7'4/B), (26) 
and A = a,(yT'?/pB>). (27) 
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Here y is the surface tension of liquid in contact with air. The form of ~, has been 
determined theoretically as equation (23). As regards a, an empirical determina- 
tion will be attempted. 

In figure 6 the straight line passing through the origin and with a slope approxi- 
mating the slopes of the remaining straight lines drawn through the observed 
points from the various basins is considered as the limiting line. It represents «,. 
The quantity «, is read as the offset. ‘The dependence of a,, thus determined, on 


the surface parameter is shown in figure 7. The points represented by the circles 
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FIGuRE 7. Effect of surface tension on the modulus of decay. 

are from tests of the glycerol aqueous solutions and the squares, from alcohol. The 
results from the two groups are in agreement and suggest that the conjecture that 
surface tension is involved in the dissipation may be a valid one. The line in 


figure 7 corresponds to 
2 = 0-10—.. (28) 


5. Discussion of energy dissipation due to viscosity 


Presumably, if the part of the modulus of decay a, computed on the basis of the 
empirical relation (28) be subtracted from the observed modulus of decay a, the 
remaining part «, is due to viscosity, assuming that no other causes of dissipation 
are present. The experimental values of ~,, thus determined from the tests with 
the glass basins, are shown in figure 8. Introducing numerical values in equation 
(23), which purports to give the modulus of decay as relating to the boundary 
layers close to the solid surfaces, there results 


a = 2-16(v7')3/B, (29) 
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the graph of which is the lowest curve in figure 8. Between the two extremes there 
is a disparity of the amount 


(a9 —a,)/a, = 6-2(v7')?/B, (30) 


where the superscript 0 refers to the experimental curve. 

It is not necessary that this disparity be ascribed to observational difficulties or 
to uncertainties of analysis. For two other items may still be considered. One isin 
regard to the reduction of channel width owing to the boundary layers. Let this 
reduction be 2A, and the corresponding change in the modulus be Ag,. From 
equation (23) it follows if B/Z be small, that Aaw,/a, = 2A/B. It might be said for 
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FIGURE 8. Modulus of decay due to viscosity in glass basins. Glycerol solutions 


the purpose of estimation that nearly all of the kinetic energy of the layer of 
thickness ‘ ; 

6 = 2n(2v/o)2 (31) 
is concentrated in the portion of the width 36, and the layer of negligible energy 
is 6. Identifying A with jd, one has 2A = m(2v/o)3 and hence 


Aa, /a, = 74(vT')2/B. (32) 


/ 
The second theoretical curve of figure 8 is evaluated with this correction added. 
In view of the change the disparity now between the observed and the com- 
puted modulus is about 
A; a / lo ms A 4 4 ! x: 
(a9 —a, —Aax,)/a, = 4:5(vT')2/B. (33) 


Ifit be assumed that there is dissipation in the body of water due to internal eddy 
agitation, then the last written relation may be used to obtain the eddy viscosity 
of this agitation. If one may assign the value mv to the eddy viscosity, then 
equation (24), which purports to give the part of modulus of decay due to internal 
dissipation, yields (taking «, from equation (29)) 


ola, = 0-43 m(vT)3/B. (34) 
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Comparing this with equation (33), since «, = (a{—a,—Aw,), it is seen that the 
eddy viscosity of the internal agitation is about 10 times the natural viscosity, 
a plausible vaiue. 

For the purpose of ascertaining if an internal agitation is actually present, the 
following observation was made in the basin with 6 = 20cm and H = 40cm. 
While the water in the basin was still, a saturated solution of potassium per- 
manganate was introduced by means of narrow tubes and allowed to form a layer 
2mm thick and spread evenly over the entire area of the bottom. In the first few 
oscillations, portions of coloured liquid were seen to rise from the bottom in the 
proximity of the ends. The initial rise amounted to about 6 cm, and subsequently 
the coloured portions were seen to move towards the basin mid-section. During 
this motion the areas of coloured portions grew in size. As measured from the 
photographs taken at 10sec intervals, the sequence of the sizes corresponding to 
these successive times proved to be 42, 160, 520 and 670 cm*. There were circula- 
tions in the two cells of the basin and also very marked dispersions. Because of the 
ratio of wave height to boundary layer thickness being very large, it was not 
possible to relate the observations to the analytical results of Longuet-Higgins 
(1953) on mass transportation in standing waves. 

The elementary theory of boundary layers does give adequately the major 
portion of viscous losses in the standing waves of the smooth-walled basins. The 
same method may be used with confidence to evaluate similar losses for pro- 
gressive waves in laboratory studies relating to models. 


6. Anomalous mode of decay in lucite basins 

The modes of decay of oscillations in lucite basins using distilled water sur- 
prisingly enough prove to be different. Dissipation is much greater in comparison 
to that with a glass basin. The difference becomes more pronounced with de- 
creasing basin sizes. To afford a more detailed comparison, the results with the 


Lucite Glass 

B (em) viT?/B (x) (a) 
20-0 0:00530 0:0224 0-0164 
10-1 0-00886 0-0497 0:0245 
8-0 0-01021 0:0624 0-0290 
6-1 0-01323 0-1165 00-0398 
5-2 0-01461 0-1382 0-0451 


TABLE 3. Modulus of decay in lucite and glass basins (distilled water). 


lucite channel are entered in table 3. Another point worthy of mention is the fact 
that with lucite the modulus of decay is not a constant but increases with 
decreasing amplitudes. To illustrate the point, the results from the three smaller 
channels are collected in table 4. Here & is the average of the modulus for the 
first » oscillations. The average value increases with n, indicating that the ratio of 
lost energy during a cycle to energy of wave increases very markedly as the 
amplitudes of oscillations become smaller. 
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To render a graphic comparison between lucite and glass, the data of table 3 are 
reproduced in figure 9. Of the three curves, the upper one refers to the lucite 
results for large amplitudes of oscillations. The remaining two refer to the glass 
results, the lower curve representing purely viscous effects. Here again with the 
lucite results the observed modulus of decay may be broken into two parts, «, and 
A», &, representing the part due solely to viscous actions and a, due to a surface 


B (em) vt73/B ay/a n Oo 

8-0 0-01028 4:28 23 0-0632 
5:46 26 0:0632 

6-90 28 0-0690 

7:97 29 0-0716 

10:77 31 0-0766 

14:23 33 0-0812 

6-1 0-01331 6-53 16 0-1173 
8:30 “| 0-1245 

10-41 18 0-1301 

13-05 19 0-1352 

16-18 20 00-1392 

23-39 22 0-1433 

5-2 0:01463 5-21 1] 0-1501 
6:79 12 0-1596 

9-60 ts) 0-1740 

15-15 14 0:1941 


TABLE 4. Variation of modulus of decay with amplitude 
(distilled water in lucite basins) 


activity of some kind. Effecting the separations, the resulting «, is plotted in 
figure 10 against the surface tension number based on the surface tension of 
distilled water. The distribution of the points may for simplicity be represented 
by the straight line yT? 

Ot, = 0-6. (35) 


Comparing this with equation (28), it is inferred that the loss of energy from sur- 
face activity of distilled water in contact with lucite, is about six times as large as 
when distilled water is in contact with glass. 

Since distilled water wets glass but does not wet lucite, the latter fact is 
regarded as the only cause of the anomalous and large decay conditions in the 
lucite basin tests. To put this explanation to task, a parallel series of experiments 
were conducted, with glass and with lucite basins having B = 10-0cm, starting 
with distilled water and then progressively adding amounts of aerosol. Aerosol, 
a wetting agent, causes the water to adhere to lucite. The tests were repeated 
three times to test the reliability of this procedure. The average results are shown 
in figure 11, where the modulus of decay from larger amplitudes are plotted against 
the concentration of aerosol. With the additions of aerosol, the loss of energy of 
the oscillation in the lucite channel decreases gradually, and finally no difference 
can be seen between the results in the two basins. During the addition of aerosol, 
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FicurE 9. Modulus of decay in glass and lucite basins. Distilled water. 
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Figure 10. Surface activity effect in lucite basins. 
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the surface tension of the liquids was determined. The specific tension as a func- 
tion of aerosol concentration is shown in figure 12. Referring once more to 
figure 11, it will be noted that a very slight addition of aerosol to distilled water 
in a glass basin causes a marked increase in the losses. For this no explanation can 
be given. However, here again the losses in general decrease with the aerosol 
concentration, and the decrease is presumably due to the lower surface tension. 
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FicurE 11. Effect of aerosol in distilled water in lucite and glass basins. 
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FiGuRE 12. Surface tension of water charged with aerosol. 


To demonstrate further that, with liquids naturally wetting the lucite, in- 
creased losses are not realized, additional tests were conducted with the four 
smaller lucite basins employing xylene and a mixture of 25 % xylene and marcus 
oil. These liquids readily spread over lucite and have low surface tensions. The 
resulting values of the modulus of decay from these runs after subtracting the 
part «, due to surface tension, this part computed using the empirical result of 
equation (28), are reproduced in figure 13. The curve drawn through the points 
reproduces almost identically the similar curve obtained with glass basins. 
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Possibly the large additional losses of energy, in the cases in which liquids do 
not wet the material of the walls, are due mainly to interfacial tension. This comes 
into play during the surging actions of the oscillations and, alternately, at the 
times when the liquid renews its contact with the walls. The resulting effects are 
more severe when basins are small. In fact in small basins the appearance of the 
liquid surfaces during oscillations are rough, irregular and sometimes are covered 
with ripples and small waves. In contrast, when the liquids wet the walls and 
surface tension is small, liquid surfaces are smooth and have a glossy appearance. 
It is also conceivable that added losses result from the hydrodynamic contact 
conditions in the interior wall surfaces between liquids and the walls that are not 
wetted by the liquid. To confirm or to negate the latter possibility and in general 














10x10? Pa aE Y NE iain eco Ae nares 
| Basin Water e Xylene 
width aerosol "> marcus 
B= 520m, A | 
8 ——. {}\B=6lcm xy = ¥ + ——+—~ 4 
B=80cm o . o | 
B=101 cmo e > 
/B=20cm o * | 
6 as | ae Sa 5 Sar =a) 
| 
+ } 
a Po 
4b _t 3 el | ae Seer 
ry, 
< | 
~~ 
| at | | | | 
pope pt f+} 
} | | 
ae | 
OL - ok : a ee - a . - 
0 4 8 12 16 20 24 28 32x10 


(vT')3/B 


FicurRE 13. Modulus of decay due to viscosity in lucite basins. Wetting liquids. 


to offer a satisfactory explanation of questions considered in this section, the 
study has been extended to the damped oscillations of circular disks immersed in 
liquids, to the vertical oscillations of plates and polished brass rods partially 
immersed, and the direct measurement of meniscus forces on partially immersed 
plates during a given cycle. It appears that the data of the new tests would be 
suitable for the evaluation of the dissipation from a meniscus. The need for such 
astudy was first emphasized by Benjamin & Ursell (1954). Using a 5-4 em Perspex 
tube for the experiments to confirm their theory of stability of plane surfaces, they 
found a rate of dissipation twenty times the value calculated from viscous dissipa- 
tion. This is in line with the above expressed idea that the dissipation from 
meniscus becomes more pronounced when the vessel of a hydrophobic material 
containing the liquid is made smaller. In the experiments of Case & Parkinson 
(1957) a somewhat different situation is encountered. By polishing the inside 
surfaces of brass cylinders, the damping rates of the surface waves attained the 
values calculated from viscous dissipation. As the corresponding losses for 
the unpolished cylinders were 2 or 3 times as large, a question is posed as to 
the effects of very small roughness on damping. It would seem that the desired 
4 Fluid Mech. 6 
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explanation should be such as to relate the state of metal surface to the meniscus 


deformation. 
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This paper presents a three-dimensional small-perturbation approach to the 
problem of waves produced in a statically stable stratified air stream flowing over 
a mountain. The fundamental solution for a doublet disturbance in an air stream 
in which the parameter /? = g//V? is constant is calculated, and then is extended 
to that for a disturbance due to a circular mountain in the same air stream. 
A simple approximation to the known two-dimensional flow over an infinite 
ridge is also given. The second (‘upper’) boundary condition for the solutions is 
determined in a rigorous analytical manner, assuming the presence of small 
friction forces, or, alternatively, of time dependence. It is hoped that this will 
settle the controversy which exists over the choice of this condition. 

The results show that the behaviour due to a doublet is peculiar and not truly 
representative of that due to a mountain. The latter shows waves which decay 
down-stream and are contained in a strip, the width of the strip being determined 
by the radius of the mountain. An interesting result is that the circular mountain 
can give rise to waves which have greater amplitude than those produced by the 
infinite ridge under the same conditions. 

In some previous papers the waves produced by the infinite ridge have been 
neglected, but the present paper shows that in many cases this procedure is not 
justifiable. The detailed solution for the waves behind a circular mountain has 
a form which emphasizes the importance for lee-wave production of ‘resonance’ 
between the width of the mountain and the characteristic length /- of the air 


stream. 


1. Introduction 

The problem of airflow over mountains, and, in particular, the formation of 
stationary atmospheric lee waves, has received considerable theoretical attention 
in recent years. Many examples of actual wave systems have been described in 
various meteorological journals, observations being made from the ground, on the 
clouds which often form in the wave crests, and from gliders by finding the up- 
currents. In California, where the Sierra Nevada produces what is probably the 
most spectacular of all lee-wave systems, many glider flights to altitudes of 
30,000 to 40,000 ft. have been made. Waves with amplitudes and velocity com- 
ponents large enough to affect powered aircraft are often encountered, and this 
alone is a sufficient reason for a thorough investigation. The results of observa- 
tions are well summed up by Corby (1954), who also gives a survey of the 
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theoretical treatments then available. These are essentially of two types, depend- 
ing on the nature of the air stream considered. Allare linear perturbation theories, 
and in the first place they are restricted to the two-dimensional flow over an 
infinitely long ridge. 

The first investigations, restricted to an air stream in which both velocity and 
static stability are uniform, were by Lyra (1943) and Queney (1947). Lyra used 
a complicated Green’s function method to work out the flow over a small ridge of 
rectangular cross-section, while Queney used a line disturbance on the ground, 
later (1948) extending this by use of Fourier Transforms to obtain the flow over 

» Hides siven by 
the ridge given by ene Hoe ~ 

li (62 + a)’ 

where ¢€(v,z) is the vertical displacement of the streamline from z = const., 
z being height, with the ground at z = 0, and « the horizontal (stream direction) 
co-ordinate. The height of the ridge is H, and 6 is the half-width of the ridge at 
height 3H. The results of all these investigations are basically the same, giving 
waves behind the ridge, with amplitudes which increase with height and fall off 
down-stream. Queney does show, however, that if b is large enough the waves are 
so small as to be negligible. (Queney also considers motion on a much larger 
scale, in which the effects of the earth’s rotation are included, but this is beyond 
the scope of the present paper.) The waves shown by these theories are unlike 
those which are usually observed in practice. These latter reach their maximum 
amplitude at some middle level, and their rate of decay with distance down-stream 
is slow, and can reasonably be attributed to friction, which is, of course, neglected 
in all these theories. 

Scorer (1949) decided that the ‘uniform air stream’ assumption of Lyra and 
Queney was too unrealistic, and he considered an air stream consisting of two 
layers, in each of which the parameter 


Bey 7" 
2 9P _} 

yy 
is constant; here gis the gravitational acceleration, V(z) the main-stream velocity, 
f = 0'/O is the parameter governing the static stability of the atmosphere (where 
©(z) is potential temperature), and primes denote differentiation with respect to z. 
Using the ridge shape given by (1), and again the Fourier Transform method, 
Scorer finds that waves of the type usually observed occur if 
.: = 


i—?2 > ree (3) 
where /,, 1, are the lower and upper layer values of J, and h is the depth of the lower 
layer. In other words, /? has to decrease upwards in a relatively short distance by 
a sufficiently large amount. Thus it would appear that the nature of the profile is 
the factor which determines the type of waves that appear. Mathematically, the 
effect of the discontinuity in /? is to introduce a pole singularity into the Fourier 
Integral for the displacement of the streamlines, and it is this pole which gives 
the non-decaying waves. In Queney’s theory for the uniform air stream the only 
singularity is a branch point. 
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Only Scorer & Wilkinson (1956) have done any work on mountain waves in 
three dimensions, integrating the two-layer solution over an infinite number of 
ridges at all angles to the undisturbed stream to produce the flow over circular and 
oval hills. This time the waves are smaller and are contained in a wedge behind 
the hill. They are very similar to water waves behind a ship. 

In anothér paper, Scorer (1953) has considered the flow over a ridge when /? is 
constant (which includes Lyra’s and Queney’s solutions), but he has neglected the 
wave term on the grounds that the half-width b of the ridge is large enough for it 
to be negligibly small. Scorer then goes on in the same paper to a further discussion 
of lee waves, this time with a three-layer model, but he does not point out that 
these waves would also be negligible (as will appear below) for the values of b for 
which the first part of the paper is valid. Corby & Wallington (1956) have 
investigated the variations of the amplitude of the two-layer waves, and they 
show that if either b is increased with H constant, so that the slope of the surface 
is decreased, or if 6 and H are increased in the same proportion, so that the slope 
remains constant, the amplitude reaches a sharp maximum and then falls off 
rapidly. Ifthe slope is allowed to decrease, the maximum occurs for smaller b than 
that needed if the slope is kept constant, although the rates of fall-off from the 
maxima are similar. Thus the width is the important parameter of the ridge as 
far as wave amplitude is concerned, although increasing the height of the ridge for 
fixed b increases the amplitudein proportion. Corby & Wallington have compared 
these sharp maxima with a ‘resonance’ of the air stream with the mountain. The 
present paper will show that, in both two and three dimensions, the one-layer flow 
with /? constant gives this same effect, and in fact, in two-dimensions, the one- and 
two-layer solutions give exactly the same curves of amplitude against mountain 
width. 

Scorer’s neglect of waves in the first part of his paper, where, to be sure, they 
may be difficult to justify by observation, but not in the second part, where they 
are well supported by observation, is consequently misleading. Also, on general 
grounds, one would expect waves to be formed when any stable air stream is 
disturbed, and the /?-profile must therefore determine the kind of waves and not 
whether or not they exist. 

Different writers have disagreed in the choice of the so-called upper boundary 
condition. The wave equation (31) below requires two boundary conditions, the 
first being automatically determined by the choice of the ground shape, and the 
second, which is arbitrary, being needed to remove any wave train which may 
otherwise occur up-stream. The present paper uses two methods which are 
essentially the same, as will be seen in § 2. The first device, originally used by 
Rayleigh, assumes a small amount of friction (see Lamb 1932, § 242), which is 
eventually allowed to tend to zero, and the second assumes a time dependence, 
finally letting time tend to infinity to give the steady-state solution. Each of 
these methods gives the result used by Queney. Corby & Sawyer (1958a), who 
assume the atmosphere has a rigid lid on top and then let the height of the lid 
become infinite, reach the same conclusion. Scorer, in all his papers, considers 
energy flow, and chooses the other alternative boundary condition—a change of 
sign only. The controversy over this condition has gone on for some time (see, for 
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instance, Scorer 1954, 1958; Corby & Sawyer 1958a, b), but it may perhaps be 
hoped that the rigorous discussion in this paper will be accepted as establishing 
the former condition beyond any doubt. . 

It seemed to the author that the existing mathematical theories of lee waves, 

especially in three dimensions, were not altogether satisfactory, and the present 
work was undertaken to re-examine the whole question. We begin, following the 
method used in the absence of gravitational effects by Lighthill (1957), by deter- 
mining the three-dimensional flow due to a weak source in the given air stream 
V(z). This ‘fundamental solution’ has proved to have considerable value in 
several other problems, and it therefore seems worth while giving it here, even 
though the results of § 5 show that it is not truly representative of the behaviour 
produced by a mountain in the same air stream. After taking Fourier transforms 
of the equations of motion, a single equation for the disturbance is derived. The 
work is then restricted to the case when /? = const. and V” = 0 throughout the 
atmosphere, in order to solve the equation reasonably simply. 

From this solution we infer the solution for a doublet in the stream or 2-direction 
in the form of a double Fourier integral for the streamline disturbance, the second 
boundary condition being found as stated above. The first integration can be 
performed exactly, but the second is much more difficult and has to be approached 
by suitably deforming the path of integration. It gives a non-wavy disturbance, 
for which an asymptotic expansion, symmetrical up-stream and down-stream of 
the doublet, is found for large x, and also wave terms which appear only down- 
stream. Three separate approximations to the latter have been found, all for large 
x, one for y small (where y is the horizontal co-ordinate perpendicular to the 
stream), one for larger y, and one for large z. The mathematics involved in finding 
the one for small y (actually given second in the paper) is somewhat complicated, 
and is given in an appendix, the results simply being quoted in § 3. 

The behaviour of the wave term for the doublet disturbance is rather peculiar. 
On y = 0, immediately behind the doublet, the waves decay down-stream like 
at, but as y increases the rate of decay decreases, and the dominant term in the 
larger y approximation has no decay at all. As height is increased, the amplitude 
of the waves tends to a finite value; if V’(z) > 0 this may be zero. The wave crests 
in planes at constant height are hyperbolic in shape, their asymptotes all passing 
through the origin and making a smaller angle with the x-axis the further the 
waves are down-stream. The changing behaviour as y increases is impossible to 
explain physically, and it is assumed to be due to the unrealistic character of the 
doublet which, being a point disturbance, contains no significant length. 
Accordingly, the solution for larger y is extended to the case of a horizontal line of 
doublets perpendicular to the stream, which has such a length, and this shows 
no unexpected behaviour, the waves for y large compared with half the length of 
the line decaying simply as a7}. 

Approximations to Queney’s solution for the infinite line doublet and the ridge 
are given in § 4 to enable comparisons to be made, and in § 5 the three-dimensional 
theory is extended to cover, as far as possible, the circular hill given by 
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An infinite line of these hills gives the ridge (1). The integral is more difficult to 
deal with in this case, even though there are less singularities which produce 
waves. A Taylor-series approach gives a solution valid for large x, but when z is 
large the method becomes useless and the behaviour at large heights remains 
unknown. The non-wave disturbance is no longer symmetrical, and now the 
waves decay like x~?, as do those given by the ridge; the amplitude increases with 
height as far as the solution holds. As y increases, the amplitude falls off very 
rapidly, the actual rate of fall-off being largely determined by a. It seems that 
the extra singularities of the doublet integral are responsible for its peculiar 
behaviour, and they have been removed by bringing the length a into the 
mountain solution. 

The waves are not contained in a wedge, as might have been expected, but in 
a strip. Thus the energy of the waves is concentrated near the plane y = 0, 
immediately behind the mountain, and this probably accounts for the fact that 
waves can occur in this plane with amplitude greater than that of the waves given 
by the infinite ridge. 

As pointed out above, the circular mountain solution gives the resonance effect 
with change of mountain radius. The maxima for waves in the plane y = 9 are 
rather more sharp than those shown by the infinite ridge, although the peaks 
become more rounded as y is increased. The optimum value of a depends on the 
value of y chosen, but this effect is unimportant because of the rapid fall-off of 
amplitude. 

We can conclude, then, that any mountain will produce lee waves in a stably 
stratified air stream, the form of the waves depending on the shape of the moun- 
tain and the shape of the /?-profile. The amplitudes will in many cases be negligible, 
but this is determined solely by the width of the mountain in relation to the 
characteristic wavelength of the air stream, and is otherwise independent of the 
actual shape of the /?-profile. 


2. The equations of motion 
We shall assume initially that we have a weak source, of strength m, situated at 
the origin, and we shall consider the small (linear) disturbances which it produces 
in a steady main-stream flowing horizontally in the x-direction. We shall write 
velocity = oe +u,v,w), 
density = p(z)+ 


(5) 


entropy = S(z aa 
)+, 


pressure = p(z 
where the undisturbed main-stream values V(z), p(z), S(z), p(2) are functions of 
height z only, and the perturbation terms w, v, w, 8, @, 9 are all functions of the 
rectangular Cartesian co-ordinates «x, y, z. The pextar bation terms are assumed to 
be zero at large distances eel eit squares and products of them will be 
neglected everywhere. 

Far up-stream there is no flow in the z-direction, so that 


p’(z) +9p(z) = 9, (6) 
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where g is the gravitational acceleration. Throughout this section primes denote 

differentiation with respect to z. The equation of state gives us the two equations 
p = kpvelCr, (7) 


ay 
p Cy 


i 
voy [YS 0) 
and 0 = KpreSi" ((? f 


for the undisturbed and disturbed regions respectively. Here x is a constant, Cy, is 


the specific heat of air at constant volume, and y is the ratio of the specific heats of 


air. C,, and y are assumed to be constant. 
The linearized momentum equations are 


ppu+pVu,+pV'wt+, = 0, (9) 
pvt p Vv, He o., = (0), (10) 
Hpw+pVw,+gst+7 = 0, (11) 


where suffixes denote derivatives. The terms ypu, pv, wpw are included to give 
us a@ rigorous analytical method of eliminating any disturbance which may 
otherwise appear far up-stream. They can be considered as friction terms, and as 
such they were first introduced by Rayleigh (Lamb 1932, § 242), or as the opera- 
tional representations of the terms pou/ot, pov/ot, podw/ct, in which case yz is the 
Heaviside operator. We will eventually let ->0; in the second case this corre- 
sponds to time t—> 00, giving the ultimate steady flow solution. 
We have two further equations, namely 


Ore ; 
pil +P) = % (12) 
which reduces to 1h+Vd,+ws’ = 0, (13) 


and the equation of continuity, which with a source of strength m at the origin is 


us Vs, wp 


i pp 


+ 2 +Vy tw = md(x) d(y) d(z). (14) 


x 
Here 6(_) is the Dirac delta function. Terms similar to that on the right of (14) do 
not appear in (9), (10), (11) as the source is considered to be a source of mass but 
not of momentum. The y terms in (13) and (14) appear only if w is taken to be 
the Heaviside operator, but we shall see below that omitting them does not affect 
our result. 

We shall now take Fourier transforms, of the form 


? co * 0 


w(x, Y,2z) = | exp {v(x + ny)} wo(z, &, 9) dé dy, (15) 





of equations (8), (9), (10), (11), (13) and (14), and then combine them to find an 


equation for wy. Suffix zero will always denote the transform. Equations (9) and 


hd 


(10) become 
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If we multiply (16) by 2 and (17) by 77 and then add them together, we can 


remove the terms in wu, and v, by substituting from 


(w+ Vit)2 + oP 
i Pp ) 


the transform of (14). Writing 


k2 i £2 + n : 
this gives 
, Wop | 


ata ) m N ° yr 9 T*r\O 
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From the transforms of (8) and (13), we get 
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c2 (w+ Vis)’ 
where c= (yKp’—1 Sr) 
is the velocity of sound, and 
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oe _ 
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47° 


(18) 


(19) 


(20) 


(23) 


© being potential temperature (f is the parameter which defines the static 
stability of the atmosphere). Using (21), the right-hand side of (20) becomes 


L Vs¢)2 
A Ihe 2 ¥ ua ae | 
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and we can neglect the second term in the curled bracket because 


+ (4+ Vise) pws, 


(24) 


O(é?) and 


(w+ Vié)?/c? = O(€2V2/c?) < O(&?), as V < cin the atmosphere. We now differen- 
tiate (20) (with the right-hand side (24)) with respect to z, and remove the 4, term 
by using the transform of (11), (20) and (24), and (21). Then, dividing by 


p(ut+ Vis), using the theorems 


f(z) 6(z) = f(0) (2), 
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The right-hand side of (27) is zero for z > 0 and z < 0, but at the origin we have 


a discontinuity such that 


m 
Wo( ae 0) po Wo( cal 0) = 4n 
| ‘ 0 7 0) _ 
an V,\ + -— vi = = oa 
( t o( ) 0 472 (ue + J (O)2 





V'(0) iE 


ej? | | 


(28) 


If we had omitted the -terms in (13) and (14), the only difference in (27) would be 


that the («+ Vig)? would be replaced by (“+ Vig) Vig. 
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We can simplify (27) considerably by neglecting further terms. In the atmo- 
sphere VV’ <g, V? < c? and g/c? and p’/p are O(/), so that 


gp ‘is gP gp’ yg? gV' BV’ 


YQ 7 9 Cw) > 9 2¢ 
V2 C- Cp ct c?} ] \ 
and our equation becomes, for z + 0, 
» wt dol wg ee vrs | 
Wy = Wo +P} FWo\ — 7 — SSN ae = =Q, 30 
0 0 \c2 } { " (uu Fe J if)? (uu ae J if)| ( 30) 


with the same discontinuities at the origin. 
It is convenient at this stage to put « = 0 and to consider the effect of non-zero 
ju later. We then have 


='@, (31) 


3. The solution for a doublet disturbance 

Lee waves are usually found to produce a down-flow on lee slopes, delaying 
separation from the surface (Scorer 1955) and, for the purposes of this paper, this 
should make a doublet better than a source as a representation of a mountain. We 
will therefore go on to find the flow due to a doublet, as we can derive the basic 
equation very simply from (30). 

The vertical perturbation velocity given by a doublet in the z-direction at the 
origin is simply the derivative with respect to x of that given by the source. 
Moreover, the vertical displacement of a streamline from its original position is 


J 
and so its Fourier transform ¢, is another solution of (30). It follows that simply 
writing w,/V = ¢, will give the streamline disturbance produced by the doublet, 
since then the differentiation.and integration with respect to x cancel. 
In order to solve (31) (i.e. (30) with ~ = 0) reasonably simply we now assume 


C(x, y, 2) =| = dx, (32) 


that we have a simple-shear main stream, so that 
V"(z) = 0, (33) 
and we assume that l? = gf/V? = const. (34) 
throughout the whole depth of the atmosphere. These are considerable restric- 
tions, but they have had to be retained for the rest of the paper. Both V” and ?? 
are certain to vary in the atmosphere, but even so the results should show, in part 
at least, how the presence of stable stratification affects the flow. 
The solution of (31) can now be written 
Cy = Aes? + Be’s?, (35) 


in which A and B are arbitrary constants, and 
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We choose the square root in (37) so that the real part A(K) is positive. As 
Kk? = O(gf/V?), we can in (36) neglect the (g/c? + £)? inside the square root. Now 
we must have €, > 0 as zo, where possible, and also €,(—0) = 0 on the ground 
(the horizontal plane z = 0). Thus, for K real, we must have 


m 


apy ox? (d(g/ce? + B)z— Kz}. (38) 


{y= 
The effect of the term exp {4(g/c? + /) z} is small compared with that of e~**, and 
Scorer omits it, whilst Queney approximates it by [p(0)/p(z)]}?. Here we will leave 
it out in the working and consider its effect later. We will necessarily have to take 
(38) as the solution for all values of K, and the positions of the singularities in 
the Fourier Integral will determine the solution for imaginary K. We then have 
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The integration with respect to 7 can be carried out explicitly, although it has to 
be done in two parts. 


First, we must consider the range g| > zb/t, where 





t = J (y? +2). (40) 
Substituting n = €sinhz, (41) 
the 7 integral in (39) becomes 
(oO 
| exp {2éy sinh 7 — z ./(€? — /*) cosh 7} € (sgn €) cosh dr. (42) 
—* 


The function sgn &, equal to + 1 when &(£) > 0 and to —1 when &(E) < 0(at the 
moment we are only concerned with € real) is necessary because, otherwise, if 
£ < 0 the limits of the integral would be interchanged. We can write (42) as 
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We have previously defined &(K) > 0 in (37), making ,/(g*—/?) > O when || > J, 
and now we define r, > 0 so that y, is real and sin y, > 0 (|| > 1), or y, is pure 
imaginary (zl/t < |&| < 1). With these values of 7/,, and putting 7+ iy, = py, (44) 
is equal to 
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Sut 2 
SGP S © sas 
= —-— — 2K Pr; )¢, 48 
J(e-P) oz Lg o( vs ( ) 
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since 7, is real and positive (Watson 1944, § 6.22, equation (10)). (Here Ky is the 
Bessel function of imaginary argument.) Thus for || > 2l/t, (42) is 
2é (sgn £) z4/(€? — 1?) K,{,/(E74? — 27?)} 
(202 — 2217) 

This function has singularities at £ = +1 and £ = +2l/t, and before we can 
consider the y-integral for || < 2l/t (for which 7, is pure imaginary), we must 
determine the path of the £-integration as it passes these singularities. If instead 
of putting ~ = 0 in (30), we put ~ = Ve (which is justifiable since we shall let 
p> 0, i.e. e>0), this is equivalent to replacing our /? by [?€?/( —ie)*. The singu- 


(49) 


larities then occur where 22/2¢2 
£242__"_°_ = 0 50 
S BET ov 
or Ea te? — 
[22 
£2 : = 
and 2 - —= 0 51 
S (é ae ie)? ? ( ) 


ie.atE =0,£ = 2€+2l/t,€ =te+landé = te. Thus thesingularities, apart from the 
one at = 0, are in the upper half of the £-plane, and therefore when we put 4 = 0 
we must take the path of the £-integral on the lower side of the real axis. It follows 
that the singularities other than that at € = 0 do not contribute to the £-integral 
for x < 0. Treating the ~-terms as friction forces, and hence omitting them in (13) 
and (14), leads to the replacing of /? by /?£/(€ — ie), with the same result. With this 
path of integration, then, we have 


ji (52) 
l+ij(2@-&) -l<f<0 
—ir, 0<€ < 2l/t 7 
and = a _ allt <£ <0 (53) 
where . = +a) (271? — £74). (54) 


Thus our boundary condition of friction or of time dependence has determined 
the position of the singularities by a rigorous analytical method, and has given the 
same result as the upper boundary condition used by Queney (1947) and other 
writers. Scorer’s condition, which he uses in all his papers, is given by taking the 
complex conjugate of (52) ((53) does not occur in two-dimensional solutions), and 
therefore takes the path of integration above the singularities. As we shall see, 
these singularities account for the presence of waves, and it follows that Scorer’s 
condition should result in waves appearing up-stream but not down-stream. It is 
consequently difficult to see how Scorer’s condition can possibly be correct. 

We can now return to the y-integral. For 0 < € < 2l/t, (48) is 


1é a T° P 
: cp Sify si ‘» ./(J2— £2) eos mr 
~ 722) 22 | exp {7éy sinh 7 + iz ,/(/? — &) cosh 7} dr, (55) 
\ S “J—-® 
ve A) oe) 
-) ee Pog: Ke 
=— ae exp (ar, cosh py) dpg, (56) 
\ S ~“J—o 
with T+W. = po (57) 
g 
, 4 ~ 
and tanh y= - =f =~ (,real). (58) 
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According to Watson (1944, § 6.21, equation (10)), (56) is 


© eS fi HP (04), (59) 
= = _— yt 1s ve 
\ (P? — §*) oz 
a ‘ 
4S f SOK yy : 
” =o a Cre els. (60) 
eB ae n) 
The range —2l/t < € < 0 gives the complex conjugate of (55), but as the relation 
between 7, and r, also changes, we have the result (49) for all €, and 
ea =" _,£ (sen £)2 (2-2) K,yi@e—22)} dé ™ 
- 272 a7 a al (E74? — 27?) : 
(* co flee yy £2. j2 ~ § [(£2¢2 __ 42J2\i Jr 
= il R pige 5 (S80 )zV(é - ) Aiwl v2 ds (62) 
77 J 0 \ (£7t2 — 22/7?) 


This integral cannot be evaluated explicitly, and we have to proceed by deforming 


the contour. 
When x < 0 we deform the path into the lower half-plane, as shown in figure 1, 





so that ie - 
c= | =| +| (63) 
Jo Ji JO, 
= | =Cy, say, (64) 
Big 
since the circular part gives no contribution in the limit. Writing § = —i, we 
have Ps PY snail 2 (W+P)TW(We+e ‘yay (65) 
ae a P V(r? + 20) 
Here we have used the fact that 
BRK (ir) = —($7) J (r) (66) 


(from Watson 1944, §3-7, equation (8)). 
When x > 0, we deform the path similarly into the upper half-plane, and obtain 








f° on 
a = — | + | = | > (67) 
JO Jig JC JIyle 
=| + (68) 
JIy JIyls 
= Ov+ Op, (69) 


where for reasons to appear the subscript NV stands for ‘non-wave’ and W for 

‘wave’. Putting § = iy into the integral along J, gives the same value (65) for Cy. 
For the case of neutral stability, for which 1 = 0, (65) is the complete solution, 

and can be integrated exactly (Watson 1944, § 13.2, equation (5)). This gives 


mz m of —1 | (70) 


QnV(ar+y2+22)2  20V Oz \(a2+y2+22)3 


y 


This value is the same as the vertical velocity perturbation due to a source of 
strength m/V in a flow with uniform density and no gravitational forces, and 


provides a useful check on the present work. 
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When / > 0 (stable stratification), we will write (62) and (65) in a non-dimen- 
sional form by taking /-! as unit of length and V(0) as unit of velocity, so that 
x* = al, p* = yl-!, V* = V(z)/V(0), m* = mi3/V(0), ete. Omitting the asterisks, 
the only visible difference in (62) and (65) is that J is replaced by unity. 

If we now suostitute into (65) from 


7 (71) 


(Watson 1944, § 5.22, equation (1)), and expand the ,/(y? + 1) in ascending powers 
of y, we can obtain an asymptotic expansion valid for large |z|: 


‘J(z) 3 J(z 


QV | x x \' 


This expansion is adequate when y is not too large, but no suitable approximation 
has been found to cover the case when y is large. 

We are more interested here in the wave term ¢,, which comes from the 
integrals over the loops L,, LZ, and which occurs only for x > ©. The integral here 
is difficult to deal with, particularly when y is too small or too large; when y is 
small the singularities at £ = z/t and = 1 are close together, and when y is large 
the singularity at § = z/t is near to that at the origin. We therefore consider first 
the case of medium values of y, for which 


so that the singularities are all well separated. We can then write 


. P(citt+) P+) 
-_— +[ =| +{ ; (74) 


J Ty ~ Le J in Jt 


and the dashed parts of Z, and LZ, in figure 1 are included. Since we have assumed 
large 2, the main contributions to the integrals over L, and L, come from small 
values of €—z/t and —1, respectively, and we can neglect certain terms on this 
account. Consider first the integral over L,. We substitute 


49 

z yy? 
ae Le 7 RY 
(= o+e. (75) 


in (62), so that, om (73), we can neglect y?/2tz compared with1 —z/t and z/t, and 
we have 





a .Y 1 1 

m Zz z 2 (z 2 diy 
~ a| exp (iza/t + ixy?/2itz (*) -( 1) ( _ 1) KeGih\ =. 76) 
a 7 V © L3 _ ‘ ) t t * t il) tz (7 " 
mz|y|_., - som sieht asics ; as 
= — A — iets [etX¥" K (ur) | dy, (77) 
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and the contour LZ, is shown in figure 2. Now, since the integrand has no singu- 
larities other than at the origin, 


@o 
| [ ]Jdy = [ e'Xv’ K (yr) dy, (79) 
Lz a 


I 


2 
exp (iX ? — yy cosh 7) cosh t dy (80) 


(oo ig 
| dt 
Jo J- 





according to Watson (1944, § 6.22, equation (5)). Putting 
, cosht . _ 
y= WX TD, (81) 
and working out the v-integral, 


[ [ ]dy -,/(F) | ‘ exp (—cosh?7/4¢X ) cosh 7 dr, (82) 
JL fs 


l AY, ses i( ” 
sal (x)° ie ax) aaa 


again according to Watson (1944, $6.22, equation (5)), first writing cosh?7 in 
terms of cosh 27. The Bessel function K,(1/8:X) can be expressed as a simple 


function by means of Watson (1944, § 3.71, equation (13)). 
For the integral over L,, we put 


E=1+1iy (84) 
in (62), and neglecting y terms in the same way as before we have 


[ = mz Pete ("eve GUY a i(|y]) {e87i/4 _ g-97i/4) dy), (85) 
mV J0 ly| 


the curved part of L, giving no contribution. Thus for a(1—2/t) > l and 2z/t > 1, 
(74), (77), (83) and (85) give 


~~ Lg 





Z (ez tz\ Qe 
- yl cos ( + | + Ki (lu) cos (vx + 37/4). (86) 
nVt 3 t Pty Tl xv 


or = 


This result shows that the amplitude of the waves falls off fairly rapidly as 
y increases, so there is little point in trying to find a solution for still larger y. 
However, the solution for small y, and in particular for y = 0, is interesting, 
although mathematically difficult. For this case we assume simply xz/t > 1. 
Since the singularities at = z/t and £ = 1 are now close together we have to take 
a single loop which passes round both, i i.e. miss out the dashed parts of loops L,, 


L, in figure 1. Thus, again making the substitution (75) we have 


Se ee y2 (  2\\A 
= m2{ z) Rer=ail pixy?/2le Kw” ~(1- )| dys, (87) 
nm Vt3 I i | 2tz t} | 
_ maa(t pei ald y\3 
crt Be hi Reiss | &XeK (yl =| dy, (88) 
tn? Vee I Eg | y 


where Y = ,/{2z(t—z)} (89) 











64 G. D. Crapper 

and L, is shown in figure 2. Note that we can no longer neglect y2/2tz in com- 
parison with 1—z/t. We have made J, lie entirely outside the circle |y| = Y 
because the method is now to expand ,/(1— Y?/i) as a convergent power series 
and integrate term by term. If Y is not too large (i.e. fairly small y), only two or 


l eo x>0 
| 


Gi|-c 




















FiGuRE 1. Contours in the &-plane. FiGuRE 2. Contours in the y-plane. 


three terms of this series will be needed to give a reasonably accurate result. How- 
ever, the evaluation of the integrals is complicated, and is therefore given as an 
appendix to the paper. The result is 


4 mz(t +2)3 — E Y?2 1 | 
Gy ~ Sapp FO SIX) > AX) ZAlX)— 4], (90 
where X and F¥ are given by (78) and (89), 
Pn aos : 
X) = eis aca aks 91 
So(X) 8x3 € Kol sex) + 4a( ary) (91) 
ye oeede EL oe oe is 
X) = —e-U8i2 ———} — _—— 92 
IX) = ey Mil gex) Kilaxg ? (92) 
and 
ae ae ee ee eg Ned © ee si 
f{X) = Ka( sig) ix +a] Kol sig) (8X? + sal]: (93) 





Any further terms can be worked out if required. 
An alternative approximation can be found by the method of steepest descents. 
To do this we must deform the contour L, (in (88)) so that it lies entirely in the 


region where 
ee ge 
kK i(V) ~ @ Hz) . (94) 


The integral is then dominated by 
exp (iXy?—- yp) = ef, (95) 


The method of steepest descents is based on the fact that if some parameter, in 
this case x, is large, the main contribution to the integral is near the point where 
“(ws) = 0, i.e. the point yy = —i/2X.The contour is accordingly deformed to pass 
d r t Od 





thr 


nN com- 
yl =¥ 
Tr Series 
two or 


Rly) 


How- 
as an 


(90) 











Waves in the lee of mountains 65 


through this point, which is a ‘col’ on the surface z = A{f(y)}, so that A{f(y)} is 
constant all along it, and (to make sure the integral converges) so that it descends 
on each side of the col. #{f(yr)} changes as rapidly as possible along this curve 
because it is perpendicular to the contours #{f(y)} = const., and the integrand 
does not oscillate rapidly along it, so we can approximate to the integral by 
considering the integrand near the col. The line of steepest descents in this case is 
shown as L, in figure 2. 

For (94) to be true all along this path we need to have 1/22X large (i.e. tz/22a 
large), so the approximation will only be good for large z, since vis already assumed 
large. Under these conditions we will usually have Y < 1/2X ({2z2(t—z)}3 < tz/z), 
and the line of steepest descents will pass outside the singularity at yy = Y. If this 
isnot so, the path would have to be deformed, but the descent would probably be 
steep enough if it were made to approach + 00 along the real axis, the negative 
part being unchanged. The leading term of this approximation gives 


4 xk (F272 \3 7 y 
mz? (t + 2)? (t°z \2 (= =) : 

Cw ~ —- +22(t—z)} cos{—+—}. 9 

CH Save | 2 + 22( ) 7; Se (96) 


In the case y = 0, (96) can be obtained directly from (90) and (91) by allowing 
1/X to become large. Thus the approximations are consistent. It should be 
pointed out, however, that the value of (96), or any other approximation to (88) 
for large z, is limited, because in obtaining (88) terms have been omitted which, 
though small compared with those retained, may still be O(1), and hence O(X yf), 
when z is large. From (96) it would appear that the amplitude of the waves tends 
to a finite value as z is increased, and this value is zero if V increases with height. 
This result would still be essentially true if we re-introduced the factor 
exp {4(g/c? + #) z} (omitted after (38)), since its effect is small, although the ampli- 
tude might then theoretically increase indefinitely. 

Each of the approximations shows waves with phase 


hee. (97) 


In the region where the solutions hold the first term of (97) is dominant, and 
taking it alone gives lines of constant phase, and therefore wave crests and 
troughs, which in planes z = const. are hyperbolic, 


be ee (98) 


The phase C is the distance of the line from the origin along the x-axis. From (98), 
the waves are perpendicular to the stream on y = 0, but curve back downstream 
as y is increased. The asymptotes of all these hyperbolae pass through the origin 
and the angle they make with the a-axis, tan~1(z/C), is less the greater the 
horizontal distance of the curve from the doublet, but greater at greater height. 
Hence, as we go downstream at a fixed height each wave curves back more rapidly 
than its predecessor, making the wavelength increase as y increases, but each 
wave curves back less rapidly as we go upwards at a fixed distance downstream. 
Fluid Mech. 6 
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The behaviour of the wave amplitude as y increases is peculiar. For y = 0 the 
waves decay downstream as shown by (90) and (91), like 2 for small /2z? (also 
given by (96)) and like a~? for large 7/22”. As y is increased, the rate of decay is 
reduced, and when y is large enough for the first approximation (86) to hold, the 
waves, being mostly due to the first term, have more or less constant —— 
The amplitude falls off fairly rapidly in the y-direction, like y/(y” +22)3, There 
seems to be no possible physical explanation for the changing rate of decay as y 
increases, or for the existence of the non-decaying waves, and it can only be 
assumed that the solution is inadequate because the doublet, being a point 
disturbance, has no significant length. Support for this reason can be shown by 
extending the solution, first to a line of doublets in the y-direction on the ground, 
and secondly, to a circular hill ($5). 

The solution for the line of doublets is obtained by replacing y in (86) by (y—y,) 
and integrating with respect to y, from — « to «, fora line of length 2a. This gives 


or Xz ; xz 
sin ( ~ =a} sin(; - =) | 
— Y(y—a)? +27}, (yt+a)?+2z*}2 


3m) | * Ki(\y-y|) 
4} i] i —y| 
and the solution is valid for #(1—2z//{(y—a)?+27}) > 1, wz//{(y+a)?+2}>1 
and 2x?/{(y+a)?+2*} > 1; the last condition arises because to perform the 
integration the cos bas t+ tz) 2x) in (86) has been replaced by cos (xz/t). These 
conditions imply that x must be large and that y must be large, but not too large, 
compared with «. We can see that the waves given by (99) decay like x—, and thus 
some of the peculiarities of the single doublet solution have been removed by 
introducing the significant length « into the disturbance. The actual size of « is 
not important, and it could be very small, so that the disturbance would be almost 
at a point. The other approximations cannot be integrated simply in this way, so 
the behaviour of the rate of decay with increase of y for the line of doublets cannot 
be shown. 


m 
Ga ~ 
W Tx 





ay}, (99) 


4. The solution for an infinite ridge 


Before going on to deal with the flow over a circular mountain it is convenient, 
for purposes of comparison, to write down a simple approximation to Queney’s 
solution for the two-dimensional ridge (equation (1)) when /? is constant through- 
out the atmosphere. The Fourier Transform of (1) is 


€(9,§,9) = }Hbexp(—bésen £) d(y), (100) 


and to obtain the flow over the ridge we have to replace the m/47? of (38) by the 
right-hand side of (100). The y-integral now gives unity, and so we have 


Ht ; 
= 3 exp {ix — b& sgn £ —z,/(£? — 1)} dé, (101) 
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= 0 the again using the non-dimensional co-ordinates. We deform the contour just as in 


2? (also the three-dimensional case, so that we have the wave term arising for x > 0, given 
ecay is by the singularity at € = 1. The non-wavy disturbance, ¢y, is given by the 
Id, the integrals along the imaginary axis, and writing = (sgn x) iy, and approximating 
litude, } for large |x| (yw < 1), we get 
There Hb oo 
as y oy ~ py 4 } exp {— |x| —7b (sgn x) w+ iz} i(sgn x) dy, (103) 
J0 
uly - Hb (° we ss (104) 
point ~ \ 22462 ; 
wn by 
ound. | This term has been obtained by Scorer (1953), but with his upper boundary 
condition, which leaves the singularity at € = 1 below the real axis, he gets 
y—y,) a positive sign before the x sinz. In this paper Scorer neglects the wave term on 
41 nea : a 
gives the grounds that the ridge is wide enough to make its amplitude small, but here 
we shall investigate it further. 
(1+) 2 
The wave term is a loop integral, with [ instead of [ in (102), and putting 
Ji J0 
(99) £= 1+? and again approximating for x > 1 (yw? < 1), this gives 
99 
2Hb [(° 
sented ; y2(4 + ib) 
— Ow ~ V al exp {ix —b— w(x +1b)} 
} J0 Fis saat iti - 
1 the x {—exp(—2,/2y e-874/4) + exp (—z/2yre™*4)} widy, (105) 
‘hese | the contributions coming from the straight parts of the loop only. This can be 
arge, written 
ae ; ; 4Hb RP 74 pia—b " —Y*(t+ib) gin] 94 pri y/ ry du (106 
lus Cw ~ a 4 ve e7? sinh (222 et” yr) wdy, (106) 
d by J0 
Fae Hb , ee 
Fo is = —.,/(27)zexp[—b + {z°b/2(x? + b?)}] 
most V 
V, SO (exp (i[x + {z2a/2(a? + b?)} — $7) - 
xB - ; (107) 
nnot } | (a+ ib)8 | 
Lyra’s solution (1943) for the small hill of rectangular cross-section is essen- 
tially the same as this solution with 6 = 0, Hb = const. (= m/m), or, in other 
words, an infinite line doublet, because substituting these values throughout the 
ent, working does not alter it in any other way. This gives the wave term 
eys } a 9 
: ‘ 22mz e a ’ 
igh- Cw ~ = 008 («+ see ie ), (108) 
. mr V x2 : 2a 4 
00) which is equivalent to the approximation found by Queney (1947, equation (97)), 


but he has made a slight mistake in proceeding from his previous line. Queney 
the points out that the approximations used in obtaining (105) are not very good 
unless a? > z, i.e. unless the height is not too great. 

If x is large enough compared with b, the dependence of wave amplitude (in 


( = ; amet : : nm: £ i fel i te 
m) (107)) on the mountain size is essentially given by Hbe~’. This factor is exactly 

' the same as that given by the waves of the two-layer solution of Scorer (1949) 
02) (when his wave-number is taken as unity), and its behaviour has been discussed 


| by Corby & Wallington (1956). We will return to this point later, when discussing 
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results, in §5. The line doublet wave term (108) gives greater amplitudes than the 
ridge of corresponding ‘strength’ (i.e. volume per unit depth, 7/6 equal to m), 
but the character of the waves appears to be the same. We shall now go on to show 
that in three dimensions this last statement is not true; the single-point doublet 
does not give waves of the same character as those given by a circular mountain, 


5. The solution for a circular mountain 


The extension of the solution to an isolated mountain, instead of a doublet, is 
difficult, because, for the solution to be any use, the y-integral of the inverse 
Fourier Transform has to be worked out exactly. It is for this reason that it has so 
far proved impossible to find a suitable elliptical or oval mountain, which would 
have given two parameters to vary, and thus this section has had to be restricted 
to a circular mountain. The mountain shape we shall use is given by equation (4), 
for which the Fourier transform is 


] / BY 9 
€.(0,£,9) = = Ha? exp {—a./(€?+7")}. (109) 


Here a is the radius of the hill at height H/2?, whereas for the ridge (1), b is the 
half-width at height 3H. 
With this ground shape we get the double Fourier Integral 


Poo 


_ Ha? V(0) [" és 
27V(z) ¥ a, , 





exp [iny — 2{(E2 2) (1+ 9°/2)}4 — a(E2 +92) dd. (110) 
[t is obvious that when / = 0 the flow is simply that due to a doublet of strength 
m = 2nHa*V(0) at z = —a, for which 

Ha? V (0) (z 
oo ' oo +a) —, (111) 
OV (2) tx? + y? + (z+4)?}2 
When / is not zero but is still constant throughout the atmosphere, we make the 
same substitution as before (41), and the y-integral in (110) becomes, in the same 
non-dimensional units, 


Faont 9 f 
Sess J . . tes ¢ 
ae 3 z exp [gy sinh 7 — {z,/(€?—1)+a€sgné}coshr]dr, (112) 
V(S°— 1) 0z J , 

Loa & oy 7m 
6Sgng Cc se Sea ; a . 
=— (2-1) a exp { —7, cosh (7 —2yr5)} dr, (113) 

VAS" — 4) 0% J— x 

where rs = U6? —2* + 2azé sgn & ,/(£2 — 1), (114) 
@= y+z2+¢a?, (115) 
and tan wy = Sy/{z /(€?— 1) + a€ sgn £}. (116) 


This time 73 is never real and negative (except at € = 0, which will be a singular 
point anyway), so we can define A(r,) > 0 everywhere. Moreover, with a + 0 we 
can see from (112) that the integrand 0 as 7->oo (for real &), so that (113) is 


exp (—7, cosh ps) dps, (117) 


{2K o(rs)}, (118) 





~ 


acc 


tl 


han the 
iL to m), 
to show 
doublet 
untain, 


iblet, is 
inverse 
t has so 
would 
tricted 
ion (4), 

(109) 


is the 


(110) 


ength 


(111) 


ce the 
same 


(112) 


(113) 


(114) 
(115) 
116) 


rular 


0 we 





| 
| 


} 








Waves in the lee of mountains 


according to Watson (1944, § 6.22, equation (5)). We then have 
aT? . 
ae est Eson € {z,/(€?—1)+aésgn €} 


K,[/{87t? — 2? + 2azé sen € /(€? — 1)}] dé (119) 
V {Sti — 27 + 2a€ sgn & ,/(€?— 1)} P 
This integral has a very important difference from the corresponding one of 
the doublet solution (61), namely, that the argument 7, of the Bessel function is 
never zero (a + 0). This is equivalent to saying that 


E72 — 22 + 2azé V(E— 1) (120) 
is never zero when #2) > 0 and &{,/(g?—1)} > 0. For (120) to be zero we must 
aie Eat 922/2E2 4 98 — ga2p2e2(¢2_ 1), (121) 
which gives £3 =x: 2 {y? + 22—a? + ia |y|}, (122) 
where D = (a? —2?)? + 2y?(a? +. 2?)+y4 > 0, (123) 
and hence £247? — 22 = ot {a?(z2 — a?) — a®y? + ia |y| th}. (124) 
If we take the upper signs, (122) shows that .4(£?) > 0, and since &(&), 
R,/(E?—1)} > 0, 4(£) > 0 and a J(€?—1)} > 0, so that .#{E,/(€2—-1)} > 0. But 
by (124) 4(€%t7—2?) > 0 also, ae therefore (120) is never zero because it has 


positive imaginary part. Similarly, if the lower signs are taken, (120) has negative 
imaginary part. These imaginary parts can only be zero if y = 0, in which case 
£2 = 2?/(z2—a?), and if z > a, (120) is obviously positive. If y = 0 and z <a, 
E= +i2/,/(a®—2*) and ./(€?—1) = +%a/,/(a*—z*), and whether upper or lower 
signs be taken, (120) is negative and non-zero. The fact that r; is never zero is 
a considerable simplification from the doublet integral, because it means that we 
now have only one pair of singularities, at = +1, which produce waves, and 
thus we have no difficulties arising from the behaviour due to singularities which 
are close together. 

The method of dealing with (119) is essentially the same as before. The non- 
wavy component of the disturbance, fy, is again given by integrals J, or J,, along 
the imaginary axis of the ¢-plane, and 


Ha* [- rae 
Cy = y exp (— wasgn x) W{z,/(y? + 1) —(sgna) ay} 
J0 
oe eo ae 2 11 dus 
JAY t? + 2? — (sgn x) 2azyr./(W* + 1)} dy (125) 
{yt + 2? — (sgn x) 2azy,/(y? + 1)} 


It is interesting to note that the up-stream and down-stream components of this 
part of the disturbance are no longer symmetrical. An asymptotic ¢ ‘ce for 
(125), found in exactly the same way as for the doublet solution, i 
Ha? {J (z) 2a [J4,(z) en J,(z 
7 Ne 4 1\6 : 2 Pq2 + $2) +. a2.J (eo 
oy ~ = J,(z)} 4 J,(z)- (2a? +t?) +a J3(z)) 


V oe ak ae 
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This is valid for large x, but will not be adequate when y or ais large. However, as 
pointed out above, the present paper is more concerned with the wave terms of 
the solution, and Scorer (1956) has already worked out the non-wavy terms for 
the flow over circular and oval hills when /? = const. Scorer obtains his solution 
by his method of integrating up the flow over infinite ridges at all angles to the | 
flow. 

To find an approximation to the wave term, now given by a single loop 
integral (L,), we put 
(y* +a") 


a ea (127) 


on 


and approximate for large a, expanding the terms in ascending powers of y. All 
terms up to have been retained. This gives 








2H (y? +a?) Soe 6. tee +a? 2» By? +a2)2 , 
ow ~ a Vaat ae — "ye idee” ee i 
2y Ry? 5(y?+a2)4 | 
K 2 aytly i ie 3 dv 

ile ida | iJ +a)’ att! dae * * | v (198 

x , zo 
FE Pe 
1+ - + ~~ yh +...) 
| (y? “41 q* 2h azz 4a?z2 ” | 

where Ay xy" +9") (129) 
2a2z? 


and Lis the same contour as before (figure 2). We can now expand the remaining 
square roots if 


np (130) 


2hy A(y? +a?) 


that is, if 
az(5 + 4x) + 2% bf2 at 


> 1. (131) 
This condition restricts the range of the solution considerably, especially when zis 
large, but we will still be able to see the more important characteristics of the 
solution. The behaviour for large z has not been found, and in any case the | 
approximations involved in reducing the wave term to the form (128) are not 
very good when z is too large or when 2? is not > ¢{, since in these cases terms 
which are O(1) have again been neglected. If (131) holds, then, (128) can be 
rewritten as 


} 





7 2H (y? + a?)3 we ys (y*t+a° by” re 
Cw ~ ‘ : - A e's | eX Uy az + 7 + 5 ys 
ii 7 Vaz IZe (y? +a?) | 222 (iy? +a? 2) 
1 {a*y? — 4z7y/" ae y* a 5y" 1 743 K,( \) dy (132) ) 
| 8a2z2(y?+a?)? 2(y?+a?)}) ' sali 
where A= (y? +a?) (1+), (133) 


and 
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Waves in the lee of mountains 
The next step is to expand the Bessel Function in a Taylor Series: 

K,(A) = K,f{(y?+ mes +(y?+a?)t yKif{(y?-- a2) +... (135) 
< 1, but if we make 
{(Qa)3 (y2 + a*)3}/{(y? + a?)? bial + 4ar) + 2342 44] 
— (y? +. a2) az[4t? + 22 azad] + 40323} > 1 (136) 


This series is convergent only f 











then |v} < 1 for all the y which contribute significantly to the integral, and the 
approximation will be valid. Fortunately, the condition (136) is satisfied by all 
combinations of x, y, z, a which satisfy (131), and is consequently no additional 
restriction on the range of the solution. This method of solution will not work, 
however, if both y and a are zero, since then the Bessel functions on the right-hand 
side of (135) become infinite. The case a = 0 is really that of the doublet solution, 
but putting a = 0, 27Ha*® = m at this stage will not give the doublet answers 
because the doublet integral has the extra singularity. The limit as a 0 of the 
asymptotic solution for the mountain is not the same as the asymptotic solution 
for the limit as a0. 

Substituting the Taylor series (135) into (132), only the even powers of y con- 
tribute to the integral, and 


23 Ha®z cos (x + 37/4) { y-a@ ™ 
Cr~ ae — y2 + a }— aK Yly+ a2) 
on mV (y? +02) a! if (y? 2 + a2) i {/(y? ) ow lY )} 
246Hatz cos (w— 37/4) [( Ty2—a2 a4 + 4y4+ 4222+ 5a2y? a? 
LV sd = “a If sf si oe ‘a = = —“\ Kily2+a%)} 
mV (y* + a?)? x2 | 2(y? + a?) 8a2z2 6 | 





Ty?-a2 —- 3at— 3y4— 8y?22_  3a4+ 3y4+ 6y2a? + 6y222— 2a2z?)_ 1 4 
4| 1 al —— y* + by? yz | Kif/(y2 +02)} 
\(y2+a2)2 ~ — 8a222(y2 + a2)! 622(y? + a2)3 
+O(a-4). (137) 


tecurrence formulae (Watson 1944, § 3.71, equation (3)) have been used to write 
the derivatives of the Bessel fcnokion in terms of K, and K,. Both the terms of 
this series are exact, and terms of orders higher than 7°, which have been omitted 
from (128), contribute only to terms of at most O(«-4) in this solution. 

The waves shown by (137) ultimately decay like a—?, as do those of the infinite 
ridge solution (107). The rate of decay no longer varies as y increases, and non- 
decaying waves do not appear. The mountain, by introducing the length a into 
the problem, has removed one of the singularities of the doublet integral and, with 
it, the peculiar behaviour. The first term of (137) is directly related to the second 
term of the doublet approximation for larger y (86), which comes from the same 
singularity. Figure 3 — s the waves in the central plane yl = 0 for a circular hill 
with Hl = } and al = 2, and also the shape and position of the wave crests in the 
horizontal plane zl = 1, for the same hill. In figure 3 the main-stream velocity 
V(z) has been taken to be constant, so that the amplitude of the waves increases 
with height as far as the solution holds. Including the additional factor 
exp {1(g/c2 + £)z} would make no significant difference. Figure 3 has been com- 
puted from both terms of (137), and shows these wave terms only. The non-wavy 
part of the disturbance, ¢, (126), has been left out so that the waves can be seen 
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more clearly. Figures 4, 5 and 6, below, have been computed using only the first 
term of (137). Including the second term has little effect on the actual amplitude, 
but alters the positions of the waves relative to the mountain; in fact, the co- 
ordinate y in figures 4, 5 and 6 should really be taken as a curvilinear co-ordinate 
parallel to the wave crests, but the effect of this is also small, as can be seen from 


figure 3. 
2.0 . 7 
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FIGURE 3. Waves in the central plane yl =0, as shown by the theory for a circular 
mountain with Hl=4 and al=2, when main-stream velocity V(z) and static stability 
parameter /(z) are both constant. The vertical scale for the waves is 12} times the vertical 
scale for the mountain and for the undisturbed streamlines. The lower diagram shows the 
shape of the wave crests in the plane zl = 1, for the same mountain. The approximations do 
not hold right up to yl = 0 on the first crest. 


In the y-direction the amplitude of the waves given by the circular mountain 
falls off very rapidly, because of the Bessel functions, and this is shown for various 
values of al in figure 4. The rate of fall-off appears to depend primarily on a and 
is independent of x, so that the waves are not contained in a wedge, like ship 
waves, but in a strip. The width of the strip is determined by a and is roughly 
equal to 2a. 
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Perhaps the most interesting feature of (137) is the dependence of amplitude on 
mountain width. Figures 5 and 6 show the amplitude as al is varied with height 
constant, and as al and /1 are varied in proportion, preserving the mountain 
shape, respectively, for various planes y = const. These figures also show the 
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Amplitude (arbitrary scai 











yl 
Figure 4. Fall-off of amplitude of waves as yl increases, 
for circular mountains with various values of al. 


104 yl=0 


Amplitude (arbitrary scale) 











FiguRE 5. Dependence of wave amplitude on mountain width al, when mountain height 
is kept constant, for various planes yl = const., and for the infinite ridge with the same 
values of al. 


corresponding curves (on the same scale of amplitude) for the infinite ridge with 
the same values of al. (The value of b/, the half width at height }H1, of the moun- 
tain is only slightly greater than that of the ridge with the same al.) Each of these 
curves has a fairly sharp peak, so the idea, due to Corby & Wallington (1956), 
that a ‘resonance’ of the air stream with the mountain is needed to produce large 
amplitude waves applies equally well in two or in three dimensions, and in one- or 
two-layer solutions. As yl increases, the value of al which gives maximum ampli- 
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tude (for the circular mountain waves) increases and the peaks become less sharp, 
but as the amplitude falls off very rapidly this is unimportant and only the yl = 0 
values will be relevant. Waves of maximum amplitude (always in the plane y = 0) 
are given by al = 0-6 for a mountain of fixed height (figure 5) and by al = 2-1 for 
a mountain of fixed shape (figure 6). The corresponding figures for the ridges, 
al = 1-35 and al = 2-70 (bl = 1 and bl = 2) show that they are wider than the 
optimum circular mountains, and the peaks of the curves given by the ridge are 
not so sharp as those given by the mountain in plane yl = 0. 
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FiaureE 6. Dependence of wave amplitude on mountain width al, when height H/ and width 
are varied in the same proportion, for various planes y/ = const., and for the infinite ridge 
with the same values of al. 


These curves also show that for any al less than about 3-75, the waves produced 
by the mountain in the plane yl = 0 have greater amplitude than those due to the 
ridge, although the mountain waves in planes yl = 1 and yl = 2 are always 
smaller. The fact that the circular mountain can give rise to bigger waves than the 
ridge is probably because the waves do not spread out in a wedge, and thus all the 
energy of the waves is concentrated in a narrow strip immediately behind the 
mountain. As al becomes larger, the concentration of the energy is reduced 
(cf. figure 4) and eventually all the waves have to have amplitude smaller than 
those produced by the ridge. 

The amplitudes all tend to zero as al becomes large, the waves due to the 
circular hill falling off slightly more rapidly than those due to the infinite ridge. 
As pointed out at the end of § 4, the curves for the infinite ridge solution in figures 5 
and 6 are exactly the same as those for Scorer’s two layer solution (1949), so that 
neglecting waves on the grounds that al (or bl) is reasonably large can only be 
justified if the waves of each type of solution are neglected. It would appear that 
any mountain will produce some form of lee waves in any stably stratified air 
stream. Whether the waves can be neglected or not depends entirely on the width 
of the mountain or ridge in relation to the wavelength, for all types of waves. 
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Appendix 
For small y, when the wave-producing singularities are close together, we have, 
expanding the factor ,/(1— Y?/y) in (88), 


— LL. ee ae, eee: 
ow ~ - Rel fiX)—-—fl*)--, hia), (90) 
nm Vt3 | ) 8 
and we have to evaluate integrals of the form 


fAX) =| pees" Kap, (138) 
' Ly 
for n = 0,1, 2 

When n = 0 we can integrate by parts, and we have 


{J{X) = | e'X¥* K (ys) dy + 2iX | yy? et X¥* K (us) dys, (139) 
IIe 
= oe ee ’ 
= 1 +2X - <| | e' XY" K (yr) dy. (140) 
dX} Jr, 
The integral F(X) =| e'X¥* Ky(r) dy (141) 
4 


can be worked out in exactly the same way as (79), and is 


1 /(i7 er 2a 
ae sand —1/8ix Kk rah 2 
a 5a/ (x)¢ Ki sx) en 


With (140), this gives f,(X ) as shown in (91). This is the only term needed when 
y= 0. 

The next integral, /,(X ), car: be found quite easily by integrating /,(X ) by parts 
again, in a different way 


— gf CAPR ee 8 tae kk ’ 
flX) = ay come 2 e'X¥* K (wr) dy, (143) 
F(X)}. (144) 


= WX tf(X ) i 


As f,(X ) and F(X) are known this gives f,(X ) (92) immediately. 

The remaining f,(X) can now be deduced from (144) and the fact that, for 
any ”, . 
fus(X) = if f,(X)dX. (145) 


For instance, integrating (144) once, ; 
i [rex foi ¥jd¥' = $15) a3 | F(X) dX. (146) 


ry 


Integration by parts gives 


i [ix px °) AX “oe yx —i fa if fo(X) dX aX, (147) 


« 


= 2X f,(X)—2f,(X), (148) 








76 G. D. Crapper 
and, from (140), we have 


f(X) =i | | 1+2X a¥ | F(X)dX, 


= 2X F(X)-i | F(X) dX. 
Combining (146), (148) and (150), we get ; 
f(X) = M(2X + V)f\(X)- WX F(X}, 


> 


which gives (93). 


(149) 


(150) 
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The magnetohydrodynamic flow past a flat plate 


By H. P. GREENSPAN AND G. F. CARRIER 


Pierce Hall, Harvard University 
(Received 6 October 1958) 


The uniform steady flow of an incompressible, viscous, electrically conducting 
fluid is distorted by the presence of a symmetrically oriented semi-infinite flat 
plate. The ambient magnetic field is coincident with the ambient velocity field. 
The description of the resulting fields depends on the physical co-ordinates 
measured in units of Reynolds number and on the two parameters ¢€ = oyv and 
f = »H*/pv". This description of the fields is approximated in three different ways 
and essentially covers the full range of ¢ and /. In particular, when / > 1, no 
steady flow which is uniform at large distances from the plate exists. 


1. Introduction 

In this paper, we consider the flow of a viscous incompressible electrically 
conducting fluid of constant properties past a semi-infinite rigid plate. The 
applied magnetic field is uniform and is directed in the free-stream direction which 
is parallel to the plane of the plate. This problem is of interest primarily because 
the magnetic and velocity fields can be described explicitly and accurately as 
functions of the parameters and some insight into the nature of magnetohydro- 
dynamic flows can be achieved. The flow past a small finite flat plate under the 
same conditions is also discussed. 

Several techniques are used to treat the problems. One successful technique is 
a direct extension of the asymptotic method which leads to the classical Blasius 
result; another is the modified Oseen technique (Lewis & Carrier 1949). Of 
particular interest is the fact that a formal perturbation series in €, the ratio of 
kinematic to magnetic diffusivities, cannot succeed in the two-dimensional 
problem. Such a formal expansion fails to exist, just as the expansion of the 
stream function as a perturbation series in the Reynolds number for the corre- 
sponding two-dimensional fluid problem fails to exist. 


2. The basic equations 

The laws governing the conservation of mass and momentum and those 
governing the electrodynamics of a steadily moving incompressible viscous 
electrically conducting fluid of constant properties are 


V*.gt = 6, (2.1) 
: me ih an a , 
(a*. Ve? = ii - =) + v¥A*q* + — (j* x H*), (2.2) 
Dp, p* 
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j* = 0% [E* +n(q* x H*)], (2.3) 
V* x H* = j*, (2.4) 
V*.H* = V* x E* = V*.E* = 0, (2.5) 


where the symbols are defined as follows: H*, magnetic field intensity; E*, 
electric field; j*, current density; o*, electrical conductivity; ~*, magnetic per- 
meability; q*, fluid velocity; P*, pressure; p*, density; v*, kinematic viscosity. 
The two-dimensional geometry we shall consider here is such that the magnetic 
field H* and the fluid velocity q* are each perpendicular to the z-direction. The 
plate lies in the y = 0 plane with its front edge at x = 0. The induced current j* is 
then in the z-direction. The electric field can be taken to be zero, E* = 0, since this 
choice is rigorously consistent with the foregoing equations and geometry. Itis an 
interesting choice in that it corresponds to the axially directed flow past a semi- 
infinite pipe of radius # in that limiting case for which Roo. In other words, the 
‘points’ (a, y, 00) and (a, ¥, — 00) are short circuited. We introduce the dimension- 
less variables 

p* p* ‘ P ve . 
x Y= ay, H*= 8770, q*=dq, apr, = HJ: 


0 


2* = 


i 
Y 


If, in addition, we use equation (2.4) to eliminate j from (2.2), there results 


V.q=9, (2.6) 

(q.V)q = —V(P+//2H.H)+V’q+A(H.V)H, (2.7) 
VxH =eqxH, (2.8) 

V.H=0, (2.9) 


9 


where ¢ = o*p*u* and £ = *(Hj)*/p*(vp)?.. In terms of a magnetic potential 
A,, such that H = Vx[A,(v,y)i,] and a stream function y%, such that 
q = Vx [W(x y) iz], equations (2.6) to (2.9) can be reduced to 
/ / f / 
MAY - Wo AWo 


7 


+ VoeAVo,+Blo,AAo,— AAA] =0, (2.10) 
AAy—€(ho,4o,—Voz-4o,) = 0, (2.11) 


where A denotes the Laplacian operator and the suffices x and y denote 
differentiation. 

The proper asymptotic treatment of the classical problem in which £ = 0 and 
in which equation (2.8) does not appear reveals that the stream function 
for that problem, 7, can be written in terms of the parabolic co-ordinates 

1 


€=E+in = (x+y)? as 
—_—" es ® eienx 
Wa ~ EF) + # (= Fula) +2 (Hn) + 


Assuming that the asymptotic solution of the present problem is of the same 


form (as it must be), we write 


Wo ~ Ef(n)t+.- (2.12) 


Ay ~ 
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The substitution of these equations into equations (2.10) and (2.11) (properly 
written in parabolic co-ordinates) leads to 


f" +f" — Bog" = OF), (2.14) 
g” +e(fg' —gf') = OE). (2.15) 


The foregoing equations, in whichever form we adopt them, are highly non-linear, 
and explicit solutions cannot be anticipated. However, their form strikingly 
resembles the equations which arise when one describes the diffusion and convec- 
tion of vorticity and heat in a moving viscous fluid. In that problem, , would 
be the vorticity and A, the temperature. The only term which differs in the two 
problems is the final parenthesis of equation (2.10) or the last term on the left- 
hand side of equation (2.14). For such heat and vorticity transport problems 
a modification of the Oseen linearization has been shown to be surprisingly 
successful in a very large variety of problems. The details of this linearization will 
depend on the applied magnetic field and can best be introduced when the 
particular boundary value problems are discussed. 


3. The uniform magnetic field problem 


We shall consider first the flow field which ensues when the applied magnetic 
field is a uniform field, Hj, in the x-direction; the plate occupies the half plane 
y=0, x >0 and we seek solutions of equations (2.6) through (2.9) with 
q =i,.H = 0onthe plate, H > i,,q >i, asx > —o. Interms of yf and A, the 
boundary conditions are ym, > 1, W%, > 9, Ao, > 1, 49, > 0 as > —c with 
Yo(t, 0) = Ag, (x, 0) = Oand W(x, 0) = 0 for x > 0. 

Let q=i,+v and H=i,+h and replace the non-linear terms (q.V)q, 
(H.V) Hand q x Hin equations (2.6) and (2.7) by 6v/éx, ch/ox and i, x h—i, x Vv, 
respectively. This linearization represents an extension of Oseen’s treatment of 
viscous flows to the magnetohydrodynamic flow. Physically, the convective 
velocity and the ‘convective’ magnetic field contributions are replaced by their 
free-stream values (that is, by the velocity and magnetic fields which would be 
present if the obstacle were absent). In fact, the most effective replacement of 
these terms requires that we use appropriate averages of the x component of 
velocity and the x component of the magnetic field instead of the free-stream 
values. We shall not discuss here what these averages are but they can be found 
readily by the same method that was used in treating conventional boundary 
layer problems (Carrier 1959). Note that if these averages were used, the mathe- 
matical problem to be solved would be identical with that treated here. Only the 
definition of x, y, 2, € would be changed and these by constant factors of order 
unity. The linearized forms of equations (2.10) and (2.11) are 


A(Ay —y,,+fA,) = 9, (3.1) 

AA +e(y,—A,) = 9, (3.2) 

where A = —y+A,and yf = —y+yy (v = Vx pig, h = V x Ai,). The boundary 
conditions are A, = y, = Ofory = 0,y, = —1fory = 0,4 > 0,and A,, A,,,, Vy, 


all approach zero far from the plate. It is convenient to write the boundary condi- 
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tion on y, as the limit as 6d > 0 of w,(x,0) = —e-*” for 2 > 0. The functions 
I, / vow a) 44 .Qer 1] > € »> 9/, » » > » 

vy ony are continuous across the plate; y,,,, however, will be discontinuous. 
Detine f(x) to be the discontinuity of y,,, across the it, 


yy 
f(x) — (Voy )y=o = se = [Poyly 0° (3.3) 
and note that f(a) = 0 for x < 0. The solution of this boundary value problem is 
obtained by Fourier transform techniques. Define the double Fourier transforms 
{(p.r) = - {[- (x, y) exp (—i[pa+ry]) dxdy, (3.4) 
and W(p.r) -{{"y (x,y) exp (—i[pat+ry])dxdy. (3.5) 


In particular the y transform is defined as an integral form —0oo to 0— plus an 


2 


integral from 0+ to +00. If f(p) = | f(x) e~”* dx, then equations (3.1) and (3.2) 
become sy e 

(p? +7?) [(p? +7? + tp) —ipBA] = wf, (3.6) 

(p?+72+ipe) A = iepy, (3.7) 


so that 
, (pp? +r? +ip)(p? +r? +iep)+efp?], — (3.8) 


= tepyy — erp 
and A= = = vs 5 Lp" 


p? + 72 4 icp p- 24 2 ie ta ip) (p> br + iGp) 1 epp*| .. (3.9) 


Define the function 
Poo 





A(p.y) = W(p.r)e dr = | ; yr (a, y) e—P dx. (3.10) 


27 « t - 
Upon substituting for yy from equation (3.10) and performing the contour inte- 


gration, we find that for f < 1 


Ys = —if(p) jexp—|y| |p| | (a5 , L+¢ lg 
iy] oe? = % | poi “AMiderar’ ly| p>+ip(— = 


; - / 1 
— ; (, - es : exp — |y| a + in| ad *)/", (3.11) 
where A = [(1 —e)? + 4¢f]2. 

Anticipating difficulties with the inverse Fourier transform of this function, 
we consider it to be the limit as k + 0 of 


_ tf fexp—|y|(p?+ k2): ~. (! —e+A 
2(p—ik) | p-l A\l+e+A 
x exp—|y| |(»— ik) (p+ i( ++")) } 


a“ 


l l1—e=—A | 7 - re ie eA \]) 
= ax — || Lah ie 2 |< 
d 5) exp ly| C ik) (p i( z ))| i" (3.12) 


The roots are selected so that the exponentials decay as |y| + oo. In this way, the 
Fourier transform $(p, y) is an analytic function within some strip in the p-plane 
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containing the real axis, and, therefore, the inverse Fourier transform exists. In 
particular, we shall perform the limiting process (setting k = 0) whenever it is 
convenient and proper to so do. 

In order to determine y(x, y) and f(x), $,(p,0) must be calculated. It follows 
from (3.12), after some algebraic manipulation, that 


ra 





7 J 
HP. °) = — OO apt 
" roe BL - A+1—-e 
(+it}h+ (p+i(*5—")) (p+ik)t +(p+i(*5*4))! 
| | 3.13 

Let W(x, 0) = U(x) + u,(2), (3.14 
where u,(z) = —e-*= (x > 0), 

U(x) = O (x < 0), 


and u;(%) = O(a > 0). Fora < 0, u,(x) is to be determined as part of the solution 
of the problem. The Fourier transforms of these functions are 

20 ; ro . 
U(p) = — [ et e-Wr dy =i/(p—id) and U,(p) = u,(x) e-?* dx. 
Ld 0 


J —o 

Note that %(p) is an analytic function of the complex variable p in a lower half 
plane which includes the real axis; similarly, @,(p) is an analytic function in an 
upper half plane which also includes the real axis. From equation (3.10) it 
follows that me ; . 

Py (Pp; 0) = Up) + %y(p) = aa uy(P), (3.15) 
where ¢,(p, 0) is analytic within some strip containing the real axis. Combining 
(3.15) with (3.13), we obtain the relationship 





_ f(D) 
ae? Ske =— ~G(p), (3.16) 
where p—1 we 4A(p —wk)? i 
as 2 oe 
inh A-—l+e et A+1l—e 
; l+e—A ; l+e+A\\2 
(p+ik)§ + +(p+i(* - ) (p+iky3 +(p+i = )) 
| ~~ (3.17) 


and from this we can find w(p) and f(p) by the Wiener-Hopf method. Since 
f(x) = 0 for x < 0, f(p) is analytic in a lower half plane containing the real axis; it 
is evident that G(p) is analytic in an upper half plane. Moreover, G(p) has no 
zero’s in the Riemann sheet under consideration. Note that the kernel function 
was ‘split’ in the manipulation that led to (3.13). If we label the functions which 
appear in (3.16) with a @ or © according to whether they are analytic in the upper 


or lower half plane, we find that 


(p ah, +ih(P)e = — 75 = pe OP ail 
" tf nolan --| f(r) 
(p-i)oG(p)o L@(p)Jo — L4A(p—ik)Be’ 
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The first function can be written as the sum of a @ function and a © function, 


cea ae oe a 
(p—iW)oG(p)eo 5 is (ay G(id)) lq Gd) (p—t8)g ie 


Equation (3.18) can then be rewritten as 


fp) +5 . ee = (a -aan)| (3,20 

iX(p—ik)s G8) (p—1)]_,~ [G(p) p—\G@) GGd)I,° 
Since the left-hand side is an analytic function in some lower half plane while the 
right-hand side is analytic in some overlapping upper half plane, the functions 
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FicureE 1. The ratio, B, of magnetohydrodynamic skin friction to 
‘Oseen’ skin friction versus / for ¢ = 0, 1, 1, 00. 


are the analytic continuations of each other and are partial representations of one 
function, Q(p), which is analytic and bounded in the entire plane. This function 
must be a constant; the constant is readily seen to be zero. Therefore 


f(y) i 1 


~ —T ” (3.21) 
4X(p—ik)t Go) p—td 
and upon performing the inverse transform we find that 
f(x) = 2B(na)-3, (3.22) 
l+e—A\-3 1+e+A\-3]-1 
where B= 2al (A +6)( = =) +(A+]1 ~«)( 4 | (3.23) 


and A = (1—e)?+46f?. Except for the factor B, plotted in figure 1, this is the 
classical result. Note that as # > 1, B > 0 and f(x) > 0, which in fact states that 
the velocity gradient at the plate (hence the skin friction) approaches zero as the 
applied magnetic field intensity is increased. For ¢ = 00, B = (1 — f). The critical 
point £ = 1 occurs when the magnetic energy contained per unit volume is equal 
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to kinetic energy density, i.e. when 1*H%? = p*v**. We shall see that not only is 
f(z) = Oat # = 1, but the total magnetic field H as well as the fluid velocity q are 
both identically zero throughout the entire flow. The induced field stops or ‘ plugs’ 
the flow. 

Having determined f(p), it follows that 


x _ __ Bli(p—tk)) [1—(e+A)? | 
9.2) = ~~ aall Ai i 


~exp—yl pit) (p+i(**5=4))]"\- —— fexp—yip? +i 


—exp -s)\(v — ik) (» + i(~ us —— TT ’ (3.24) 


exp—y(p? + k*)A 


where, because of the symmetry, we need only discuss the solutions for y > 0. The 
stream function y(x, y) can be determined by an inverse Fourier transform and 
the fact that 


(i an waive exp—y (p? + k?)t — exp — y[(p —ik) (p+is)]}2} dp 


= | —y+2E( erty is—— [1—exp(—sy’)])], (3.25) 


(78) 
where & and 6 are both set equal to zero, and & and 7 are parabolic co-ordinates, 
defined by — oes 

" (E+¢y)? = av+1y. (3.26) 


The total stream function y, = wv +y is then found to be 


‘ A+e-] sisal 1 —exp (— 27?)) 
= = — 450 arf Q 

¥o= Sf) = Len ywt AtI—e Qe a 
A+l-e 1 —exp (—w*y?)) a 
aS dy erf yo — 3.2 
+8 a Hhesaaicaa a a 

4 — 3 ‘| EI 3 

where Q = (+3 . ; v= (25+) : (3.28) 


For any value of ¢, and for £ < 1, the flow is uniform at large distances from the 
plate. As ¢ > 0 and for # < 1 equation (3.27) reduces to the classical result 
obtained by Lewis & Carrier (1949). However, for any non-zero ¢, yy > 0 at any 
given field position £, 7 as # > 1; that is, as the applied magnetic field strength is 
increased to its critical value. At # = 1, the entire flow is brought to rest. 
The magnetic potential A can also be computed by inversion of the transform 
function A so that 
2€ 


hax a(! | —y + 2&(y erf wn) — 


(1 ene 
(A+e — l)w+( A+1-e) 


on 2 
1l—exp — 0?7/? 
( pP—T)!\ (3.29) 
Ore 
The total magnetic potential is Ay = y+ A. Again as / increases to one, Ay > 0 


for any non-zero ¢; i.e. the applied magnetic field is completely annulled. For any 


6-2 


+o] —y + 2E(y erf Qn) — 
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non-zero € and for # < 1, Ay > y at large distances from the plate. In the limit as 
€ > © (i.e. the conductivity of the fluid becomes infinite) 


Wo = Ag = 2E[yerfy(1 —f)*— {1 —exp—(1—f) 9°} (a(1—A))4], 
so that the magnetic field is directed along the stream lines and is said to be locked 


in. 
The current density is found to be 


wey 


92740 lar\—s 
. 2ew (77) 2 ; 9.9 2,2 
= — ——— [exp ( — w?7?) — exp ( — 22277)]; (3.30 
spe etal pane OT - Oe e 
the total current in either the upper half plane or the lower half plane is infinite 
but these currents are oppositely directed. Again as /-> 1, the current density 
Pi ) § 2 
becomes zero; in the limit of infinite conductivity 


1—f\t €£ cet 
jc -|( = B, gh =P —(i—ppy. 


If a uniform magnetic field is applied to the flow past a semi-infinite flat plate, 
the boundary layer continues to thicken with increase in / until at the critical 
value # = 1, the entire flow is plugged. The induced current produces a counter 
magnetic field which ultimately annuls the entire applied fluid flow and magnetic 
field. In view of these results it is apparent that no matter how small the con- 
ductivity of the fluid, ¢, any perturbation expansion in € must fail. As long as eis 


f ~% 1 
p*\ 3 
7er » fe tre i f aot (AP — ~ ‘ ‘ \ 
non-zero, the field strength H¥ = = vy (f = 1) will cause plugging. 


At first glance, one might have expected that the viscous layer would become 
thinner when the magnetic field intensity was increased. The superficial argu- 
ment which leads to that conclusion notes that the stream lines are tilted upward 
because of the presence of the plate and that they ‘pull’ the magnetic field lines 
along with them so that a similar but lesser distortion of the field-line pattern 
occurs. Since the stream lines are tilted more than the field lines, the force density 
(v x H) x His directed toward the plate, tending to force any given fluid particle 
to stay closer to the plate. This argument is incomplete because it fails to account 
for the induced pressure field which, as it happens, opposes and dominates the 
above effect. A correct argument which successfully rationalizes the mathe- 
matical result requires a discussion of the balance among the diffusion, convection 
and production (by the electromagnetically applied torque density) of vorticity. 
One notes, here, that the conservation of angular momentum is governed by 


A(V x v)—(v. grad) V x v+/(H.grad) V x H = 0. 


This equation is just the curl of the momentum equation and V x v = w is the 
dimensionless vorticity. Since the distortion of the H field is similar to that of the 
V field, the quantity (H.grad)V x His qualitatively like, and of the same sign as, 
the quantity (v. grad) V x v. Consequently, the vorticity production term negates 
part of the convective contribution and the resulting phenomenon is equivalent to 
a diffusive-convective problem whose effective convective speed decreases as the 
magnetic field increases. In such problems this decrease in convective speed 
implies a thicker diffusion layer and our rationalization is complete. 
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4, The asymptotic analysis 

The most surprising result of the linearized analysis is the fact that both q(x, y) 
and H(z, y) tend to zero for each x, y as / > 1 for any e. Clearly, this result 
warrants further investigation, and we turn our attention to an examination of 
the asymptotic or Blasius theory, as formulated in § 2, i.e. 


f" +f" —Po9" = 9, (2.14) 
g’ +e(fg' —gf') = 9, (2.15) 


with the boundary conditions f(o) = f’(o) = g(o) = 0 and f’(%) =g’(#) = 2. 
A particularly simple case is that of infinite conductivity, € = 00, for which the 
foregoing equations reduce to 


{"+(0-A)ff’ = 9, (4.1) 
g(n) = f(%); (4.2) 


the boundary conditions remain the same as those associated with equations 
(2.14) and (2.15). The solution of this differential equation is related to the Blasius 
solution F'(7) (the solution of (4.1) and boundary conditions for # = 0) by 


f(g) = (-£)? F[(1—£)2 9). (4.3) 


In particular, f’(o) = (1—£)3 F’(o) = 1-328(1 —f)?. The skin friction, in this case, 
does approach zero as / — 1, in exactly the same manner as the linearized theory 
predicts. The discrepancy between the two is just the magnitude by which the 
skin friction computed by Oseen differs from that of Blasius. The modified 
Oseen procedure resolves this difference and brings the two formulae into almost 
exact agreement. 

Equations (2.14) and (2.15) were also integrated numerically and figure 2 
presents f”(o) versus / for values of ¢ = 0-005, 0-05, 1, 10; the case € = 00 is the 
exact result based on the preceding analysis. The surprising result is the occurrence 
of the e = 1 and € = 10 curves to the left of the ‘limit’ curve e = 0, in apparent 
contradiction with the results based on the linearized analysis (see figure 1). It is 
expected that the modified Oseen analysis would again resolve these differences 
but the results of such an analysis are, as yet, lacking. Figures 3 and 4 are plots of 
the stream lines y, = 4, 1 and the magnetic potential lines Ay = 4, i as determined 
by the linear and non-linear theories, respectively, for ¢ = 1, # = }. 

To provide additional and more conclusive proof that / = 1 is indeed critical 
even when ¢ is finite, we have recourse to the following analysis which clearly 
indicates the nature of the fields when 1 — fis small. We shall find that an explicit 
description of both y and A can be obtained when ¢ = 1, but that numerical 
integrations would be needed to detail the results for e + 1. 

If we introduce the new variables, z = (1—/)?9, $(z) = (f—/#g) 1—£A)-3, 
Q(z) = (f+ 64g) (1 — A), equations (2.14) and (2.15) become 








86 H. P. Greenspan and G. F. Carrier 
and, in particular, for ¢ = 1 
Q” +60" = Q, (4.6) 
(1—£) 6" + Q¢” = 0, (4.7) 
with Q(o) = 0, Q~ 4(z—B), d(0o) = 0, 6~z-B and Qo) = —(1 — f) ¢'(0), 
where B is a constant. Let £ be close to unity. The form of equations (4.6) and 
(4.7) suggests that, away from z = 0, ¢ and Q are governed by equation (4.6) and 


Q¢d" ~ 0, (4.8) 


but that, in some neighbourhood of z = 0, the seemingly small term of equation 
(4.7), i.e. (1—)¢”, is important and a ‘boundary layer’ phenomenon or ‘edge 
effect’ is present (Carrier 1953). We proceed then as follows. 
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Ficure 2. ‘Skin friction’ f’(o) (equation (2.14)) versus # for several values of €. 
1 


Let Q'(0) = A, where A is some function of £ which we can expect to be small, 
compared to unity, in view of the last boundary condition; we also expect it to be 
large compared to 1—/. The parameter A is to be determined in this analysis. 
Define ¢ = [A/(1—/)]*z and assume that, for z<1, Q=A(1 — Bt [F(C) + QI, 
where Q(¢, 2) is small to some as yet undetermined order in (1 — #) and where F is 
independent of /. This is equivalent to the assumption that Q”(0), Q”(o), ..., are 


so small that Q’(o0) is not dominated by Q”(o) z?, etc., for any ¢ of order unity. If 


()”(o) 22 were the dominant term, a similar procedure could be (and was) followed. 
However, it turns out that Q”(o) is not a dominant contribution and no clarity 
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would be gained by detailing the analysis corresponding to that unsuccessful 


conjecture. 
For ¢ > 1, equation (4.8) is expected to hold and therefore 


We can write d = $;+ BO(g), 
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Ficure 3. The stream lines 7, = }, 1; and constant potential lines Ay = }, 1; 


for € = 1, 2 = 0-326 as determined from the linear theory. 
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FicurE 4. The stream lines 7, = }, 1; and constant potential lines Ay = 3, 1; 


for ¢€ = 1, 6 = 0-326 as determined from the non-linear theory. 


where (0) = 1 and where ® must decay to zero very rapidly as ¢ - oo. Since 


Q ~ F(¢) when z < 1, equation (4.7) becomes (for z < 1) 
O"(¢) + F(f) O"(E) = 9, 
and equation (4.6) can be written 


Q(z) + [z-B+ B@(g)] Q"(z) = 0, 


(4.11) 


(4.12) 
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so equation (4.12) can be integrated to give 
Q(z) = 4[{7(1 + Q*)] 


"00 
x 
ve 








(2—2')exp| - be’? + Be’ + [B1—BY/AB | 


7 


(¢") ac’| dz’ + 10%, : 


/0 


where ¢’ = €(2’), Q = A/(4—A) and 


I = | exp |— he’? + Bo’ +[B2(1—f)/A]t [° o@rae" dz 
Jo Je 


= | “exp »— $2'2 + Bo’ +[B21—£)/APE x(C')} dz’. (4.13) 


#0 
If the coefficient of y in (4.13) is of order unity or smaller, then Jjis closely given by 
I ~ (47) (1-+erf B//2) eh, 
and if B > 1 (as it will be when /—1 < 1), 
I ~ (2m) et. 
It follows that 
Q"(0) ~ 4exp {[B2(1—£)/A}} — 4B (4.14) 
and that, for z < 1, 
Q ~ [A(1—/)]§ f+ 4 exp {[B2(1 —f)/A}}— 4B (1—f) C/A+..., 


and that, as z > 00 


Furthermore 


| . (7—C)exp | — | : F(v) dv} dr 
® =o — bm : (4.15) 


| : Texp | = [" F(v) dy} dr 


| . exP | ~ | ‘ F(v) dy] dt 
and ®’(0) = 9 J0 


Texp } _ | ; F(v) dv! dr 
Jo 





/0 


In order that Q ~ 4(z—B), 
OF =7 m = [Bet®* ,/(27)}1. (4.16) 
Furthermore, in order that Q'(0) = —(1—/)¢’(o), 
A= —(1—£) B[A/(1—£)]2 ®'(o). (4.17) 
Equations (4.16) and (4.17) imply that 
(1—) Beet — 4/{,/(2m) D3, (4.18) 
where D = — ®(o). This defines B(f) (except for D, a constant of order unity yet 


to be determined) and we see that B > a very slowly as 1—/ > 0. The ‘stretch 
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factor’ in the co-ordinate change is just DB, i.e. € = DBz and A = B?D*(1—/). 
Equation (4.14) gives for Q”(o), 
Q)”(0) = (277) el/D B3 D> | p) 


ay a 


i) ¢ L j 
WY\ # 277 : ON os (¢ I F vu al vi ( 9 
and F(€) = ¢+ D |, (€ Cexintp |. Mc )dgr de’. 4.19) 


Equations (4.15) and (4.19) are now equivalent to a non-linear integral 
equation for ®(¢) and that equation has a solution for each real positive D. Note 


that when D is co, equation (4.15) implies that ®’(o) = —,/(7/2). On the other 
hand, as D> 0, ®’(0) + —oo. Since ’(o) is a continuous function of D, the fore- 
going estimates imply that there is a value of D for which ®’(0) = — D. This, of 


course, is the required value for D and the description of the fields is complete 
when ® has been calculated for this eigenvalue D. Since D is of order unity and, in 
particular, is independent of /, one can readily verify that each contribution 
which was omitted in the foregoing analysis was smaller by a factor 1/B than 
any retained contribution against which it would have been compared had it also 
been retained. The solution given above, then, is the dominant part of the asymp- 
totic (in 1—/) solution of the problem. Our purpose is now completely served 
without an integration to find ® accurately because one readily sees that both 
fand g as given by the definition preceding (4.4) tend to zero at every meaningful 
(non-negative) value of 7 and the flow is ‘plugged’ as was suggested by the linear 
theory. 

When ¢ is neither zero nor infinite no such elementary treatment can be used. 
None the less, the problem still displays a boundary layer character similar to that 
of the e = 1 case, and there is little doubt that this problem (equations (4.4) and 
(4.5)) has a solution which again implies an f(y) and g(7) which tend to zero at all 
yas Pp —> 1. 


5. Finite flat plate 

The magnetohydrodynamic flow past a finite plate of length /* exists not only 
for 2 < 1 butalso for £ > 1. We consider first £ < 1, since for this case the analysis 
of §3 through equation (3.13) is still valid. If R = l*v*/vy is the dimensionless 
plate length, then f(x) = 0 for 2 > R (see (3.3)). The Wiener-Hopf method can 
no longer be used; to determine f(x) an integral equation can be formulated and 
solved. The Fourier inversion of (3.13) and use of the convolution theorem yield 
the result 


; ) Wo A+e—l, f Q?) Atte f 2) It (5 1) 
Y,\¢,0) = — &—t, 2°) + : wt —t, W*) 1 a, 0. 
Wy\ Joel aa 4A ss ; 
l s— A) 3 l 2 A 4 
where Q = oe a , W= (-=5*") (6 < 1), 
l rx ipx dx 
and I(x,a) = = | —— or - —. (5.2) 
a7 J_ 2 (p? +k’)? + [(p—tk) (p +2a)]? 
For 0 < x < R, y,(x,0) = —1 and the resultant integral equation for f (x) is 


rR +€— rs Na amt ee 
be | f(t) - al OME eo = “Te—t,08)| dt (5.3) 
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The integral in equation (5.2) can be evaluated easily by some simple, but 


carefully executed, contour integrations and it is found that 


] (wa) 
I(z,a) = | K (|2|) edz, 














l eda) : an) 
d(2,@) = =e |Ko(3 wal) 27 Ky (Sea))], 
Ile 1 — edwa) K a © Ke laal) 
(v,a) = —— on | Ay (S|ra +17 414(5 val)], 





where K,(z) and K,(z) are modified Bessel functions of the second kind. Another 


method of deriving this result is presented in the Appendix. 


For the first example, let the conductivity of the fluid be infinite, so that 


— 
lim Het, 08) = 0 
. 146=A,, 
si lim “I(t, 0) = H(e-1,1—A). 
€-> 4n 2 


Equation (3.3) reduces to 


ian [ave I(x—t,1—f)dt. 
0 


Henceforth, let the Reynolds number & be very small, R < 1. The kernel of the 
integral equation (5.5) can then be approximated by the first few terms of its 


series expansion 
1 1—f ]— d 
LI(a—t,1—f) =— ra ( if it) + FE e-o| 


1B 


+a van4-Z* 9 Oy)-ye)] +. 


4 


The simplest approximation, for sufficiently small R, is 


equation (5.5) is then approximated by 


—l= [fom (- gi |e—t)) ae 


The solution of this integral equation was obtained by Carlemann (1922) and is 


a 
(a(R —2))$In {4,(1—f) RY 


(16 


f(x) = 


Note that as £ > 1, f(x) > 0 (the skin friction approaches zero). This immediately 
implies that y and A both become zero at this critical value. We again find that 
the entice flow can be brought to rest by increasing the strength of the applied 


magnetic field. 
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The next approximation would be to use the first two terms of (5.6) 


l ;= Bey 
ei(e—t, 1—~) = — ( i le-tl) + ae ‘ (5.10) 
For this kernel, it is found that 
: —4 1 = 
f(x) = ree [a(R —x)]-3, (5.11) 


ire(L—/) R}—-(1 +) 


where y is the Kuler constant. For still higher approximations any finite number 
of terms of the series expansion in (5.6) can be used. A method for obtaining the 
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Ficure 5. ‘Skin friction’ f(a) versus distance for plate length R = 0-5 and f = 0, 0-5, 0-99; 
I, solution obtained from equation (5.9); II, equation (5.11); III, equation (5.15). 


exact solutions to the corresponding integral equations has been given by Pearson 
(1957). Ifthree terms of equation (5.6) are used, a sufficiently good approximation 
(to O(R?)) of the exact solution is 

pie) = AR AA + Me) (=A) fn (H(A) B} + 1-4) YOM 
, In {3,(1 — 8) B}- (1—7) 

(5.12) 
The solutions, equations (5.9), (5.10) and (5.12), are plotted in Fig. 5 for # = 0, 
0-5, 0-99. The relatively large plate length, R = 0-5, was chosen to compare the 
accuracy of the successive approximations. The drag on the plate is given by 
— 2nv.pv/In {,'5(1 —f) B} 

if we use the solution given by (5.9) or 


— 27v,pv/[In {5(1 -— 7) RB} -—1+y] 


if we use either (5.11) or (5.12). The latter formula is in agreement with the results 
given in Tomotika & Aoi (1953). 
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The horizontal velocity component on the z-axis can be computed without 
difficulty by means of equation (5.1). If we use the simplest approximation to 
f(x) given in (5.9), 

9 


a , 
mn {y6(1 pal, [t(R—t)}-= 


—] vinta (1-P a—t 1—£ | 
Ledl—A)(e—) J -la—t —_ K,| ——— |a-t 
a ee Pe oe ee OO 
(5.13) 
To determine y,(x,0) near the plate, we can again approximate the kernel by 
equation (5.7). The resultant integrals are all tabulated and we find that upstream, 
near the plate, |a—t| < 1,x > 0, 


W(x, 0) = 








W,(z,0) ~ — (5.14) 


* r 
1 ( ARy 
and that downstream, near the plate, 


In {4(1—A)} [(w@—4R) + (2(w— R))*] (5.15) 
In {3,(1 —f) R} ao 


At large distances from the plate, we can replace the kernel by its asymptotic 
values to obtain asymptotic formulae for the function y,(x,0). Upstream, far 
from the plate, a 

W(x, 0) ~ ~ 


(1—/) |x| n{,(1-A)R 


by(z,0) = — 


(5.16) 
while far downstream 
ae 2 oie 
W(x,0) ~ la ya 7 Inf (1—A)R} (5.17) 
It is evident that for £ < 1, the effects of the plate on the fluid are most prominent 
in the downstream wake. 

For a fluid of arbitrary finite conductivity, (5.3) must be solved. This can be 
done by exactly the same methods just used. F or the moment, let wa < 1 and 
Qz < 1. (Thisimplies that e = O(1).) If we approximate the kernel of (5.3) by the 
first term of its series expansion the resultant integral equation is 


ae [a C ae ') In {4.02 


Jo 27 
The solution of this equation is 


f(x) = —4[2(R—2)}$ AM, 











ee ee <) in Qo? e—t)}] at (5.18) 


| — 
where A=n,,R+ = —*)in¢ In 1+ (= = *) Inw. (5.19) 


This formula is also valid for very large e, for although J(wx) cannot be accurately 
approximated by the first term of its series expansion, the coefficient of this term, 
(A+1-—€)/2A, is very small. In fact, 

. A+l—-eE, ., 

lim I(w*x) = 0. 
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The solution for ¢ = oo represents the first term of the asymptotic expansion of 

f(x) for very large e. Since the limits of w?, 2, (A+¢—1)/2A and (A+ 1—e)/2A, as 

p> 1, are 1+e, 0, e/(1+¢) and 1/(1+e), respectively, # = 1 isa critical value, the 
value at which plugging occurs, and 


Downstream, near the plate, we find that 


E A+e—] A+1- 
Ay, (a,0) = — In}f(x—4R) + (a(a— R))§]—“ a rs es —nw, 
/ 4 
(5.20) 
whereas far from the plate 
1 
; m\?[A+e—1 A+l1-—e ae 
Ay, (x, 0) ~ (“) | lel ia|- (5.21) 
Upstream, near the plate 
A+e—1 A+1 ‘ 
Ay,(z,0) = — In}((R- je) +2(e—R)}) ~ni—- = —Inw (5.22) 
and far from the plate 
; LlfA+e-1 AAT —eE mee 
Ay,(e,0) ~ = a | : a 


The results expressed in (5.14) through (5.17) are obtainable from these by 
setting € = 00. 

The case # > 1 requires only aslight modification of technique. Equation (3.11) 
is still valid when the proper interpretation is placed upon the root quantities. The 
term (p?+ dip(1+e+A))? is still interpreted as 

lim (p —ik) (p+ 4i(1+e+A))2; 
k->0 


)2 


however, since }(1+¢—A) is now negative, and Q: = $(A—1—e), we must now 
interpret (p?—ipQ2)} as 

lim (p + ik) (p —iQ2)?. 

k—>0 
When p divides a quantity containing the first root it is replaced by p —ik; when 
p divides a quantity containing the second root it is replaced by p+ik. The 
analysis is then similar to that for # < 1 and will not be repeated in detail. It 
follows that 


rh A —] +E 9 
el ae , o me OA) 
(x, 0) |, 70) ay M(t— 2, 03) + 


A+l1l-—- 


za © 1(x ital: dt, (5.24) 


where I(x, a) is given in equation (5.4). In the interests of simplicity we restrict 
ourselves to a discussion of the case of infinite conductivity. Equation (5.24) 
reduces to oR 

P » ROA 
y,(a,0) = — , Lf (t) I(t—a, B— dt. (5.25) 
For sufficiently small a, J(t—2, 8 —1) = I(w—t, B— 1) asshown by (5.7) and (5.10). 
To this order, f (x) may be obtained from (5.9) or (5.11) by replacing 1—/ by /—1 
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or |1—£|. The horizontal velocity component y,(z,0) can be determined for 
small x (near the plate), by making the same replacement in (5.14) and (5.15), 
The asymptotic behaviour of y,(x,0) for £ > 1, € = 00 is just the reverse of its 
behaviour for / < 1,eé =o. Downstream, (f—1)z> R, 


9 


“ 


(2—1)xIn fh (P—-1) RY’ 


Yfy(x,0) ~ 


whereas, upstream x < 0, (f—1)a> R, 


wr (x, 0) 2( id : ! (5.27 
Vyl%0)~ 2\ pay Tal) Inf(B—1) R}. i 


For f > 1,¢ = ©, the effects of the plate on the fluid are most prominent upstream 
and not in the wake as is the case for # < i. The corresponding statement for 
finite conductivity, / > 1, is that the effects of the plate on the fluid are as 
prominent upstream as they are downstream. The asymptotic behaviour of 
y,(z,0) in this case is inversely proportional to x in either direction. The 
significance of these results lies in the fact that for £ > 1 the plate is moving at 
a velocity which is subsonic compared to the Alfvén wave speed c = (u*/p*)? Hy. 
The disturbance can propagate upstream by means of these waves, whereas, for 
Pp < 1, the plate is moving at a supersonic speed compared to this wave velocity, 
making it impossible for a disturbance to propagate upstream. 


6. Conclusion 

The magnetohydrodynamic flow past a flat plate exhibits a rather surprising 
effect. For any non-zero conductivity there is a single critical applied magnetic 
field, H¥ = (p*/u*)? vf for which the velocity and magnetic field at any field point, 
x, y, are zero. In particular, no steady ‘subsonic’ flow past an infinite plate (the 
flow being uniform at infinity) can exist; by ‘subsonic’ we mean a flow in which 
U,, is less than the Alfvén speed. This is somewhat analogous to the situation 
which arises when one studies the inviscid compressible flow past a wedge, but 
that analogy is loose because our displacement thickness is parabolic, not wedge- 
like, and steady subsonic hydrodynamic flow past a parabola can exist. 

On the other hand, there is a steady flow past a finite plate (or a more general 
cylinder) both at #< 1 and at £>1. When /> 1, however, the upstream 
influence is much stronger than it is when / < 1; in fact, the structure of the 
upstream velccity profile for # > 1 is made like that of the laminar wake when no 
magnetic field is present. 


Appendix 

We now derive an integral expression for the stream function (a, y). We will 
consider € = 0 only; the extension of the methods to the case of finite con- 
ductivity is straightforward. For ¢ = « and # < 1, equation (3.11) becomes 


t(p) 
(1—f) 2pi 


PP, y) aS 


[exp (—|y| |p|) —exp (— yl (2? +ip(1 —A))*)] 
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5.15), = Sf (Pp) ek )e 2 2 3 
of its Py (P, y) 2i(1 — fp) p-t tke exp[— y(p a ) ] 
— 9p +i(t—A)bexp{—y(n*+ip.—A) 4], 
aie where we have again introduced the factor k. This last equation can be reduced to 
a more convenient form, 
Sf {p) las (k — tp) ; a 
»3 ra exp {—|y|(p? + k2)} 
Kan b (PY) = 97 — (pt P| lyl(2 )} 
| ((1 —f)—tp) | 
_ , exp y +ip(1—f))? 
ream | (p?+ip(1—f))? Pt — {yl ( (p? PI p)) } 
t for ; 
| o8) 
re as | Since Wi(@.y) =5 | evr db (p,y) dp, 
ir of } a7 J—w 
The | appiication of the convolution theorem yields 
gat | 
, a ‘ 
i (x,y) = , f()(Gle—t,y) —H(x—-t,y)} dt, 
, for J 
sity where 
. H (x,y) = : ria as! jeXP i ‘ipa — y(p? + ip(1 — f)) ))2 dp 
| ~ 4n(1—£) (p?+ip(] — py) 
jth: rn 2. 2) 
d Bie iin = 7 33 — y(p?+k?)2\ dp. 
sing _| an 7(x, ¥) ma an ie yay oP iP y(p )*5 ay 
st] 
oe | From Foster & Campbell (1948, formula no. 868) 
the | 1 (® exp {ita —y(k? £)4} ee 
= a [ Gee = Rolle. 
lon 
but It follows that _ 
ge- Ca = , 
(a, y) wre = K,(k(a? + y”)*) 
ral | . e. ka-Ax K (11 — B) (x2 + 9?) : 
am A(x, y) = 1-p-z)e ii \ o(3 ( — P) (x +9") on) 
the | 


and, as k->0, 
no ~ 1 
Giz. y)— : _ehd-Az K,(4(1 — f) (a? + 2)3 
(x,y) - (x,y) = an(1— A) +y) aa K9(3(1 — f) (2° +y")*) 
| ~——? ___ K(4(1- A) (a* + y*)}). 
2n(x? + y*)? 


This reduces to (5.4) upon setting y = 0. The stream function is : obtained by 
I gy 


integrating with respect to y, 


oR 
(x,y) = [; dz | f (t){G(a—t, 2) — H(x-t, z)} dt. 
0 JV 
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The function f(x) is given in equations (5.9), (5.11) or (5.15). For £ > 1 it is 

scessary to alter the analysis as indicated at tl d of §5. TI lified k 
necessary to alter the analysis as indicated at the end of §5. The modified kerne] 
can then be obtained from this expression for G(a, y) — H(x, y) by replacing 1~£ 
by P—1 and a by —«x. The function f(x) is determined by making the same 
replacement in (5.9) and (5.11). 


Some of the work reported here was sponsored by the Office of Naval Research 
under contract Nonr 1866 (20). 


REFERENCES 

CARLEMANN, T. 1922 Math. Z. 15, 111. 

CARRIER, G. F, 1953 Boundary layer problems in applied mechanics. Advances in Applied 
Mechanics, vol. 11. New York: Academic Press. 

CARRIER, G. F. 1959 Technique for the solution of problems involving diffusion and 
convection. (To be published in Quart. Appl. Math.) 

Foster, R. M. & CAMPBELL, G.A. 1948 Fourier Integrals. New York: D. Van Nostrand Co. 

Lewis, F. A. & Carrier, G. F. 1949 Some remarks on the flat plate boundary layer, 
Quart. Appl. Math. 7, 228. 

Pearson, C. E. 1957 On the finite strip problem. Quart. Appl. Math. 15, 203. 

Tomotika, 8. & Aor, T. 1953 The steady flow of a viscous fluid past an elliptic cylinder 
and a flat plate at small Reynolds numbers. Quart. J. Mech. Appl. Math. 6, 290. 





it is 
kernel 
1~—f 


Same 


earch 


oplied 
1 and 
d Co. 


ayer, 


mnder 
D. 











Development and use of a vane device for boundary- 
layer measurements 


By J. G. BURNS,* W. H. J. CHILDS,; A. A. NICOL* AND 
M. A. S. ROSS* 
* Physics Department, University of Edinburgh. 
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A hinged vane and a sensitive electrical system for recording the motion of the 
vane have been developed for the observation of fluctuating y-components of 
velocity in boundary layers. An approximate theory of the natural oscillations 
of such vanes is presented and experimentally verified. Using vanes as resonant 
detectors, measurements have been made of oscillations injected into the laminar 
boundary layer on a flat plate in a wind tunnel with 0-3 % free-stream turbulence. 
Points on the neutral Tollmien—Schlichting curve have thereby been obtained 
which lie close to the theoretical neutral curve. 


1. Introduction 


The importance of the introduction by Prandtl in 1904 of the concept of the 
boundary layer is shown, not only by the large part which the concept has played 
in the development of fluid dynamics, but also by the great variety of phenomena 
which the layer itself presents for investigation. A new approach to the study of 
these phenomena derives from the mathematical analysis of the periodic pro- 
perties of the laminar boundary layer by Tollmien (1929, 1935), Schlichting 
(1933, 1935), Lin (1945-6) and Shen (1954), and from the experimental veri- 
fication of these properties by Schubauer & Skramstad (1947) and Schubauer & 
Klebanoff 1955). Particular interest attaches to the demonstration by Schubauer 
et al. that under low free-stream turbulence conditions there is a close connexion 
between the occurrence of these natural oscillations and the onset of boundary- 
layer turbulence. This connexion has not yet been established theoretically, and 
the difficulties of doing so seem great. We are therefore forced to concentrate 
attention on the experimental investigation of the transition to turbulence. 

In view of the large part which appears to be played by periodic fluctuations 
in exciting the transition to turbulence, it seemed to us that a detailed study of 
the periodicities occurring in the initial stages of turbulent flow might be useful, 
and that for this purpose it might be possible to develop a vane-type instrument 
which would respond to the transverse component of velocity in the boundary 
layer, and thereby record a feature of the disturbances different from that 
recorded by the simple hot-wire anemometer. The present paper reports the 
progress which has been made with this project. 
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2. Description of the wind tunnel 


An 18in. octagonal open-circuit wind tunnel, a modification of N.P.L. Design 
no. A155, was constructed for the work. An extra section 3ft. 6in. long was 
introduced before the contraction to accommodate smoothing screens, and a 
further section 4ft. long was added between the contraction and the working 
section to allow the turbulence to become isotropic after the contraction. The 
contraction ratio was 3-16. A four-bladed fan was used, producing an air-speed 
of 100 ft./see in the working section with a fan-speed of 2800r.p.m., a Ward 
Leonard system being used for speed control. A vertical flat plate, 6 ft. x 18in., 
of {in. Perspex, was mounted centrally in the tunnel; its leading edge, worked 
to a symmetrical knife edge, was located 1 ft. upstream of the beginning of the 
working section. 

Particular care was taken in assembling the tunnel to minimize vibration. The 
diffuser was coupled with canvas to the working section, and all tunnel and 
motor units were mounted on concrete blocks insulated from the concrete floor 
with layers of felt. 

The free-stream turbulence was measured by the thermal diffusion method 


4 


due to Taylor (1935). The optimum number of smoothing screens was found to 
be two, and the minimum transverse component of turbulence was 0-3 °%,. The 
noise level in the tunnel room rose to 107 decibels at a fan speed of 2800r.p.m., 
the resulting acoustic velocities being equivalent to 0-03 ° turbulence. False 
walls of ;';in. Perspex were introduced, beginning in the contraction, to obtain 


zero pressure change in the working section. 


3. Preliminary work on vanes 

While the tunnel was under construction, the preliminary work on vanes was 
carried out. For this, a miniature wind tunnel was constructed with a working 
cross-section of 3in. x 3in., a contraction ratio of 16, and a maximum wind speed 
of about 40 ft./sec. 

From a scrutiny of the recordings made by Schubauer & Klebanoff (1955), it 
appeared that, using wind-speeds of 80 ft./sec, disturbances with frequencies up 
to 1000c/s and periodic lengths down to 1 in. might be of interest. To record such 
disturbances it would be necessary to employ vanes with a chord not greater 
than fin. 

tectangular vanes were made from silvered microscope coverslip, of 0-007 in. 
thickness; their aspect ratio varied between 2 and 1, and their chord from a 
quarter to fully half an inch. U-shaped hinges made from wire of 0-001 in. 
diameter were glued on the vanes near the extremities of the leading edge. When 
a vane was under test, it was supported by the hinges on a vertical suspension 
wire of 0-007 in. diameter. The suspension wire passed through small holes in the 
top and bottom of the tunnel; it was kept under tension by attaching weights to 
its lower end; and it was clamped above and below the tunnel in such a manner 
as to insulate it from tunnel vibration. A small bead of glue was put on the suspen- 
sion wire tc prevent the vane from slipping downwards. When the vane did not 
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move sufficiently freely, a small air jet was used to make it rotate continuously 
for a few minutes. 

The movements of the vane under the influence of the air stream were observed 
by the optical lever method—a beam of light was reflected from the silvered 
surface of the vane into the aperture of a moving film camera. The vanes were 
thus found to possess natural frequencies of oscillation in the frequency range 
30-1000¢/s. A theory of the natural frequencies of oscillation of vanes freely 
suspended on wires under tension was therefore developed and checked experi 


mentally. 


4, Approximate theory of the oscillations of a rectangular vane freely 
hinged at the leading edge 

Figure 1 shows a sketch of the vane and suspension wire, and indicates the 
rectangular co-ordinate system used in the analysis. The origin O is at one fixed 
end of the wire. The a- and z-axes are taken parallel respectively to the direction 
of the air flow U and the direction of the undisturbed wire. The mass, chord, and 
span of the vane are represented respectively by m, 2a, and s, the line density, 
the tension, and the free length of the wire by p’, 7 and 1. The centre of gravity 
of the vane lies in the plane z = 41. The density of the air stream is denoted by p. 
The displacement of the wire in the y-direction is represented by 7. 

An analysis of the oscillatory motion of the vane is required under the following 
assumptions: 

(a) That the air stream has an effectively constant 2-component of velocity 
U and a variable y-component v such that v/U is small. 

(b) That the variable angle « between the vane and the x-axis is comparable 
with v/U in magnitude. 

(c) That for displacements of the wire parallel to the y-axis, the reaction of 
the vane on the wire is more important than the aerodynamic forces on the wire. 

(d) That the motion of the system parallel to the x-axis is negligible. 

The vane moves under the action of 1 and D, the forces of lift and drag, and 
of F, and F,, the a- and y-components of the reaction at the hinge. The moment 
of the aerodynamic forces about an axis parallel to the z-axis through the centre 
of gravity of the vane is denoted by /. Taking C,, and M, as the coefficients of 
Land M per radian angle of incidence, and taking v = 0, we have 


L=C;,pasU'« = OU%, 
1) 
| 


M = 2M, pa*sU*x = C’aU?a. 


When v is not zero, the angle of incidence of the stream on the vane becomes 

a+tan-1(v/U). Then L = O(U2+v?)(a+tan1(v/U)) and the y-component of 
. , _ evs . . 

Lis L, = LU|(U?+v?)?. In accordance with assumptions (a) and (b) above, we 


neglect second and higher powers of v/U so that 


Similarly, 
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The drag coefficient Cp may be expressed as the sum of the drag coefficient at 
zero incidence Cp, and the induced drag 2a0%, a2/ms (cf. Campbell, Blanks & 
Leaver 1956). The ratio of the y-components of drag and lift acting on a vane 


in the disturbed flow is then an 
. of 

D C 2a v\|v 

y DO Y 

-= ~+—C, Ja+—]}|— 

L, | 'rg(%+v/U) as ra r)| U 
~ Loo, Cra” w 
— 2Cz, n re 


Using the Blasius value for Cpo, the first term is of the order of 10-2, and taking 

a ~ 0-01, the second term is ~ 10-4. Thus the drag force does not contribute 
‘ De 

appreciably te the lateral motion of the vane. I 
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Figure 1. Sketch of the vane and suspension wire indicating the system of co-ordinates. 
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ent at The linear motion of the centre of gravity of the vane is then governed by 


iks & CU? Ty4.P ; 
JUNE TF VU f r, = mi, 

Vane (2+v/U)+F, +r, (jj,-4 

and the angular motion about an axis parallel to the z-axis through the centre 


of gravity of the vane by 


1— ad), (3) 


C’aU?(a+v/U)+aF,+ar, = 4mard, (4) 


where ar, and 7, are respectively the resistive couple and the y-component of 
resistive force on the vane.* 
According to this analysis, the effect of the transverse velocity component v 


aking : : : : 
late is to exert on the vane a force CUv, and a moment C’aUv. If we suppose v to be a 


periodic disturbance with an arbitrary frequency, then equations (3) and (4) 
are the differential equations of motion for forced oscillations of an oscillatory 
system driven at that frequency. To determine the resonance frequencies of the 
oscillatory system we write v = 0 and omit the resistive terms in these equations. 
The resonance frequencies are therefore given by 


FTO ) Pa *s = 
CU*a + F, = m(ij,4)— 44), (5) 
'aU20 ? an deat 
C’aU?a+aF, = 4mara. (6) 
Considering now the motion of the wire, and taking account of assumptions (c) 


and (d) above, ies, tia 
F = r( (Pa Z . (7) 


where 7, and 7, represent the displacements of the wire for z < 3 and z > 4l 
respectively. Also, writing c? = 7'/p’, the motion of the wire obeys the equation 


C2 " = C 3 (8) 


subject to the boundary conditions 7 = 0 atz = Oandz = l, and 9, = y,atz = 41. 
Equation (8) and its boundary conditions are satisfied by a solution of the form 
ny = Asin kz sin wt, 1 ’ 

: ; (9 

W, = Asink(l—z)sinwt (ke = w),) 


making F, = —2AkT cos $kl sin ot. (10) 


On substituting in equations (5) and (6) for # and F, from (9) and (10), and 
eliminating « and &, the equation for w is obtained in the form 
w wl 4maw?—3(C —C’) U? 
~tan>- = sare: (11) 
2p'c 2c m(maw? + 3C'U?) 
In this equation, the parameters of the vane appear only on the right-hand side 
and those of the wire only on the left-hand side. This suggests that, by suitable 
choice of the values of these parameters, the frequencies of the coupled system 
may be made characteristic either of the vane or of the wire. 
* The dissipative terms are required in the complete equations of motion of an oscillatory 
system. They are not required in the subsequent analysis, but they determine the ‘breadth’ 
of the response curves shown in figure 3. 
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Equation (11) may be solved graphically if the values of C and C’ are known, 
but some uncertainty attaches to these constants on account of the interaction 
between the air stream and the wire. It is sufficient for present purposes to 
examine the general nature of the solution and to do this we write equation (11) 
in another form, making the following substitutions: 

wl/2c = 0, m/4p'l=G (a coupling constant), 
A? = 3(C—C’) U?l?/16mac?, 
B* = 3C'U?l?/4mac?. 
It is necessary to be specific about the sign of A?, so we write C’ = 0-6C. This is 
equivalent to making the assumption that the lift force acts at a distance from 


20;- > 


oO 





(9) and F(0) 


Fy 











FIGURE 2. Graphical solution of equation (12). 
F\(0) =tan9; F,(0) = (62—A*)/[GO(@2+6A2)]; G= qo. 


the leading edge of } of the chord. This assumption is in good agreement with 

experimental work on rectangular wings of small aspect ratio, with a profile 

similar to the vane (for example, the observations of Campbell e¢ al. (1956) on 

their profile /’). It follows that A* is positive and also that B? = 6A*. Equation 
11) then becomes re 

aie (1/G) (02 — A2) 


tan d = a, ie 
” 0(62 + 6A?) (12) 


The graphs of 
(1/G) (6? — A?) 


y" 0 = é G a N (6 = 
F(A) = tan and £,(@) 0(02 + 6A2) 


are shown in figure 2. #,(@) has been calculated for three values of A, namely 
0-3, 0-6 and 1-Oradians, and for one value of G, namely 1/40. As the ordinates of 
F,(9) are inversely proportional to G, the effect of changing this constant is 
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obvious. The first branch of F\(?) makes at most two intersections with F,(@). 
The corresponding solutions for 0 will be referred to as 0, and 0, with 9 < 4. 
The second and subsequent branches of F(?) each make one intersection with 
(9), and the corresponding solutions for @ will be referred to as 0, 03, etc. 

For an unloaded wire the values of 0 are given by (n—4)7; n = 1, 2,3,.... Itis 
evident that as the coupling constant G diminishes, and the ordinates of F,(@) 
rise, 7,, tends to (x —4)7. The frequencies f,, = w,,/27 = c0,,/ml will therefore be 
referred to as wire frequencies. In the low coupling limit, 


frlp'|T = (n— 3). (13) 


The intersection giving @, exists only for low values of A and G. To a first 
approximation when A is small, 0, ~ A +3-5GA3, and in the low coupling limit 


— A 9 y 
eae 4mawe = 3(C —C’) U2. (14) 


This equation is in fact the solution of equations (5) and (6) when 4 = 0. The 
equation leads toa unique value of the frequency, and since this frequency depends 
only on vane parameters, we interpret fy = w)/27 = cO,/ml as a vane frequency. 
If in equation (14) we substitute C’ = 0-6C = 0-6C,, pas, then, in the low coupling 


mae mj |psU? = 0-3C,,/47°. (15) 


5. Experimental tests of the theory of natural oscillations of vanes 


Using the procedure described in § 3, with U = U,, measurements were made 
of the natural frequencies of oscillation of a number of vanes under different 
suspension conditions. The photographic records usually showed two natural 
frequencies; the main feature of the trace was a low-frequency oscillation of 2 or 
3mm amplitude somewhat distorted by the turbulence in the tunnel, but, super- 
imposed on this, a higher frequency ripple of much smaller amplitude could 
usually be seen. The low frequency was insensitive and the high frequency 
sensitive to change of tension on the suspension. The lower frequency was 
therefore interpreted as a vane frequency and the higher as a wire frequency. 
Typical results for two vanes (A and B) are shown in table 1. 

As a check on this interpretation of the frequencies, the approximate constants 
of equations (13) and (15), mf¢/sU? and f?/7’, have been evaluated and entered 
in table 1. The values of mfj/sU? for vanes A and B are the same to within 10% 
for equivalent wire conditions. For vane C (from table 2) the value of the same 
constant is (47 + 3) x 10-®g/e.c., the conditions on the suspension being equi- 
valent to a high tension in table 1. Considering the accuracy of the measurements 
involved, better agreement could not have been expected. 

The value of {7/7 as shown in table 1 evidently tends to a constant value as 
the tension 7' is increased. When the tension on the suspension of vane B is low, 
evidence is obtained of the existence of a second wire frequency /, ~ 2-4f,. This 
finding also is consistent with the theory given in § 4. 

It was not convenient to test the dependence of f, on U in the miniature tunnel 
because the available range of U was small and wind speed settings were not 
reproducible. A test of this kind was, however, carried out at a later stage when 
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the 18 in. octagonal tunnel was in use, and the flow in the main stream and in the 
boundary layer had been calibrated. The vane (vane C) was mounted on the 
vane-head described in §7 and illustrated in figure 46. On account of the short- 
ness of the suspension wire on the vane head (J = 1-5in.) and the tensions used, 
the wire frequencies were not observable. The vane-head was placed in the free 


2D 7? 
mfo/sUo 


T fo fi fo (108 fi/T 
Description of vane (gwt) (c/s)  (e/s) (c/s) g/e.c.) (gem) f/f, 
Vane A 
Silvered coverglass . 50 38 176 — 70 620 
thickness 0-007 in. | 100 36 235 — 62 552 
2a=1-44em, s=0:95em 200 35 322 — 59 518 
m= 0-060 g, = 10em 350 30 418 — 59 499 
p’ =2-11mg/em | 500 35 505 — 59 510 
U,= 37-5 ft./sec } 700 35 570 — 59 464 
Vane B 
Silvered coverglass 1 LO 49 122 310 70 1488 2-54 
thickness 0-007 in. | 20 48 166 387 67 1878 2-33 
2a=0-685cem, s=0-445em 50 48 222 510 67 986 2-30 
m=0-017 g, l=10em ~ 100 «46 —( 264 —_ 62 697 
p’ =2-11mg/em 200 42 382 — 52 730 
Uy = 37-5 ft./sec 500 40 600 — 47 720 


TABLE 1. Observed frequencies of vanes A and B under varying tension T' 





Uy fo 
(ft./see) (c/s) folUo 
Vane C 
Mica foil and metal foil 21 28°5 1-36 
thickness 0-0008 in. 24 32 1-3 
2a=0:990em, s=0-80em 26 33 1-27 
m=0:019g, l=1-5in. 28 36 1-28 
p’ = 43 wg/em 33 42-5 1-29 
46 64 1-39 
53 74 1-4 
56 84 1-5 
65 9] 1-4 


Mean’ 1:36+0-08 


TABLE 2. Observed vane frequencies of vane C at various wind speeds U 


stream (velocity Uj) with the vane just outside the boundary layer. A few inches 


upstream of the vane, a vibrating ribbon was mounted in the boundary layer 
and used, as by Schubauer & Skramstad (1947), to inject disturbances of known 
periodicity into the layer. The vane responded to these disturbances and its 
motion was detected by the electrical method (described in $6) and recorded 
photographically from a cathode-ray oscilloscope trace. It was thus possible to 
determine not only the frequency fy, but also the frequency response curve of 
the vane in the neighbourhood of f,. The dependence of f, on U, is shown for 
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yane C in table 2. Typical frequency response curves for this vane are shown in 
foure 3. 

‘The ratio of f,/U, from table 2 is effectively constant and has a mean value of 
1:36 + 0-08 ¢/ft. (ef. equation (15)). 
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FIGURE 3. Frequency response curves of vane C for three values of U,. 
* 0 


6. Development of an electrical recording system 


It was intended that the vane in its final form would be much lighter than the 
silvered coverslip used in the preliminary investigations—a thin silvered mic: 
film being at first regarded as the most suitable material. As such films would 
not be optically flat, the possibility was considered of using the vane as one 
plate of a capacitor and detecting its movement by measuring changes in 
capacitance. 

The design requirements for such a detecting system were assessed by con- 
sidering the magnitude of the ratio ,/(v?)/U, in the boundary-layer fluctuations. 
At a value of y/d = 0-5, Schubauer & Skramstad (1947) found ,/(v?)/U, = 0-3 %%. 
It is probable, however, that this value could be raised to 1 °% since Schubauer & 
Skramstad, working under conditions of low free-stream turbulence, did not 
require to use maximum disturbances. In accordance with equations (3) and (4) 
the vane is expected to respond to the first power of v/U, and we assume that its 
angular deflexion is approximately 20° of the angular change of stream line, 
ie. about + 0-002 radian. Using a square vane with sides of 1-0em, mounted at 
a distance of 0-5 cm from a static plate, the capacitance would be 0-017 ww#F with 
fluctuations of + 0-0003 znF. 

An electronic circuit was designed to detect changes of capacitance of this 
order. The first stage was a 1 Mc/s Clapp (1948) oscillator circuit of moderate Q 
value, in which the variable vane capacitance produced frequency modulation 
in accordance with the equation df = —/f(dC/2C). If in this equation we take 
C=12-5yuF, 6C =3x104yuF, and f= 10%c/s, then df = 12¢/s. Such a 


frequency change can be detected by amplitude modulation in a high-Q filter 
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circuit if the mean operating frequency of the oscillator coincides with the 
frequency of maximum slope on the response curve of the filter circuit. A quartz 
crystal filter circuit with a Q value of 5 x 10° was used, giving a change of voltage 
amplitude of about 1°, for a frequency change of 1 c/s. To adjust the frequency of 
the oscillator, a 20 wu¥ variable capacitor with fine-setting control was employed 
in parallel with the vane and leads capacitance. 

The main advantages of the Clapp circuit are its stability and its low noise 
level. The circuit has, however, to be used in the presence of the noise and 
vibration produced by the tunnel, so special precautions must be taken to avoid 
microphony. 

The output of the filter circuit was passed through a detector stage to a low- 
frequency amplifier and thence to a low-frequency cathode-ray oscilloscope. 
The oscilloscope trace could be inspected visually, or photographed on 35mm 
film by an oscilloscope camera giving film speeds up to 8 ft./sec. A tuning indicator 
was incorporated in the circuit by connecting a cathode follower to the output 
line of the filter, and monitoring the cathode follower output with a valve volt- 
meter. Any drift of the oscillator frequency was indicated by a change in the 
voltmeter reading. 

Absolute calibrations of the electrical recording system were carried out by 
two methods. The first used stage-by-stage analysis. The second provided a 
calibration of the complete recording system using a known variable input 
capacitance in place of the vane. The variable input capacitance was of the form 
C+ C,sin wt, where w was variable, and the values of C, and C, were comparable, 
respectively, to the mean capacitance of the vane, and the amplitude of its 
capacitance change. 

In the overall calibration, the sensitivity was found to be constant for fre- 
quencies of capacitance change from 50 to 200c/s. The voltage output of the 
recording system is proportional to V,,,., 
filter circuit (as recorded on the monitoring valve voltmeter); the normal value 
of this maximum voltage in our circuit is 20 V. The stage-by-stage calibration 
gave the sensitivity of the system as 4:5+0-5V per 10-3 “F and the overall 
calibration gave 3-4+ 0-7 V per 10-3 wuF. The agreement between the two deter- 
minations of sensitivity was considered to be satisfactory, and the ‘best’ value 
of the sensitivity was taken to be 4 (or 0-2V,,.) V per 10-3 wuF. 


max 


7. Design of the support system and the vane-head 


It was originally thought that the flat plate itself might be used as the second 
plate of the vane capacitor. Vibrations at fan-blade frequency were, however, 


found to occur on the plate with an amplitude of 10-‘in. As these frequencies , 


are comparable with those of the Tollmien—Schlichting waves, it was decided 
to eliminate tunnel vibration as completely as possible from the signal given by 
the vane capacitor. 

Accordingly, a new support system for the vane was developed. A rigid 2in. 
angle-iron frame was built round the tunnel and was supported (independently 
of the tunnel supports) on concrete blocks insulated with felt pads from the floor. 
Two rods mounted about 3ft. 6in. apart on this frame passed into the working 
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section through slightly oversize holes in the tunnel wall. The rigidity of the 
carriage rails mounted inside the tunnel on these rods had to be limited in order 
to reduce the area of blockage in the working section. By using a in. square 
section rod as a carriage rail and tapering its upstream end, the area of blockage 
was reduced to 0-12sq.in. in the 134sq.in. area of the half section of the tunnel. 
The carriage was a box sparrunning on the square rod, two faired strips supporting 
the boom. The carriage support was found to be sufficiently heavy to give no 
vibration trouble. The micrometers controlling the y-traverse were mounted 
outside the tunnel. A sketch of the system is shown in figure 4a. 
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Figure 4. (a) Support system of the vane-head, mounted independently of the tunnel 
supports; y-traverse micrometers are shown. (6) Sketch of the vane-head. 


A ‘vane-head’ was now developed, incorporating the vane and a static plate 
(see figure 46). The body of the head was made from } in. ebonite sheet, stream- 
lined and polished. Two hypodermic tubes lined with fine glass tubing were 
mounted in the body and projected 24in. forward from it; they were ?in. apart 
where they entered the body and 14 in. apart at their forward ends. A suspension 
of 0-001 in. diameter Nichrome wire was threaded through the glass tubing and 
anchored at the rear of the body, one end being soldered to an electrical contact. 
A strut of fixed length sliding under fine screw control on the hypodermic tubes 
determined the tension in the suspension. The static plate was of 0-003 in. thick- 
ness and was supported on a fine boom having a circular section of 0-05in. 
diameter at the body, tapering to a thin rectangular section at its junction with 
the plate. The separation between the static plate and the vane was normally 
0-15in.—sufficient to ensure that the static plate would lie outside the boundary 
layer. The boom and the suspension wire were connected to the two leads of the 
coaxial cable. Some difficulty was experienced with the coaxial cable—partly 
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because of its relatively high capacitance and partly because of its stiffness. An 
improved design of coaxial jead is under consideration. 

The vane-head was mounted on a boom which inclined at a small angle towards 
the flat plate so that the ebonite body was outside the boundary layer. The dia- 
meter of the hypodermic tubing determined the closest distance of approach of 
the suspension wire to the flat plate, 0-020in. (This distance could if necessary 
be reduced to zero by curving the ends of the glass tubes towards the flat plate.) 
The zero of y-measurement was determined by observing the vane-head closely 
when it was moved outwards from the plate. When the hypodermic tubing broke 
contact with the plate, a small low-frequency oscillation of the system in the 
z-direction was observed which was repeatable in y-setting to +0-00lin. The 
tension on the suspension, which ranged from 5 tu 20g wt., was measured by 
holding the vane-head in a vertical plane with the upper hypodermic tube hori- 
zontal, and placing weights on this tube till the suspension just became slack. 

The vanes used with this vane-head were at first made of silvered mica foil 
with a minimum thickness of about 0-0005in., hinges of Nichrome wire, of 
0-0007 in. diameter, having been glued to the mica before it was silvered. Such 
vanes proved fairly successful and were made with resonance frequencies between 
70 and 350c¢/s, but the hinges were not satisfactory. The vanes were easily blown 
away, and the electrical contact between the vane and the suspension wire was 
unreliable. Vanes were also constructed from metal foil of 0-0003 in. thickness 
by folding the foil round the suspension and glueing the two sides together. These 
vanes eliminated all contact difficulties, but they flexed in the air stream, the 
deflexion increasing rapidly towards the downstream edge. They were therefore 
unsuitable for use as capacitor plates. It may be of interest to mention that the 
‘vane’ frequencies of flexible vanes showed little dependence on wind speed. 

A satisfactory design of vane was obtained using mica leaf of about 0-0002 in. 
thickness to stiffen the metal foil. The foil was glued over one side of the mica, 
continued round the suspension wire to form a hinge and then either continued 
over the other face of the mica—making the total thickness 0-0008in., or cut 
off after the hinge was formed—making the total thickness 0-0005 in. The hinge 
radius was made sufficiently small to prevent the vane from slipping freely 
downwards. An initial sluggishness, attributed to static friction at the hinge, 
was noticed with most vanes; after being set in motion by a signal of moderate 
size they would, however, continue to move in response to smaller signals. 


8. Observations of Tollmien—Schlichting waves 

In principle, there are two ways of using a detector such as the vane: (1) on 
resonance, or (2) as an approximately flat response system. For the second of 
these, more development would be required. Before proceeding with this, 
however, it was decided to use the vane on resonance to detect Tollmien- 
Schlichting waves in the laminar region of the boundary layer on the flat 
plate. 

A first experiment was made to try to detect the oscillations occurring natur- 
ally in the layer. The procedure was to introduce into the boundary layer a vane 
of suitably chosen natural frequency, and observe the amplitude of its oscillation 
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at different distances from the leading edge. If a disturbance at the vane fre- 
quency was set up naturally in the boundary layer, it would decrease in amplitude 
till it reached branch I of the neutral curve, increase thereafter till it reached 
branch II and then decrease once more. It might therefore be possible to find 
the x-position of maximum disturbance of the vane, and so to determine a point 
on or near branch IL of the neutral curve. 

From the neutral curve data given by Schlichting (1933) it was deduced that, 
using air speeds of 50-70 ft./sec, and a-positions of 2-3 ft. from the leading edge, 
vanes with frequencies of 200—300c/s should be suitable. Vanes with these 
frequencies were constructed and moved down the flat plate in the boundary 
layer. They responded to the random disturbances due to turbulence and their 
motion was therefore irregular. Quantitative work was not possible, but quali- 
tatively there was evidence of a limited region of increased response. It was, 
however, preferable at this stage to work with a more constant signai. 

Artificial oscillations were therefore injected into the boundary layer by the 
‘ribbon’ technique of Schubauer & Skramstad (1947). A phosphor-bronze ribbon 
of 0-lin. x 0-001 in. cross-section was suspended under tension in the boundary 
layer, the vibrating length of the ribbon being determined by bridges, 0-006 in. 
high, resting against the flat plate. A localized magnetic field was produced at 
the centre of the ribbon, using a small ‘ Eclipse’ permanent magnet mounted on 
the back of the flat plate. A variable frequency }W signal-generator supplied 
current to the ribbon. To obtain a sufficient response, it was found necessary to 
use the ribbon nearly on resonance with the signal-generator frequency. Special 
weights of 50, 100, and 150g wt. were cast in stream-line shape for suspending 
on the ribbon, and the tension and free length of the ribbon were adjusted so that 
the ribbon frequency was somewhat higher than the frequency—determined by 
the vane frequency—at which the signal-generator was to operate. 

An exact replica of the ribbon arrangement was set up outside the tunnel on 
lin. Perspex plate so that, using a microscope, the amplitude of the ribbon 
vibrations could be measured as a function of the voltage output of the signal- 
generator. The equality of the resonance frequencies of the two ribbons could be 
tested by ear. An investigation was now made of the effect of the amplitude, 
frequency, and position of the vibrating ribbon on the position of the transition 
front in the boundary layer. When the ribbon was placed 1 ft. 2in. from the 
leading edge, ribbon amplitudes greater than 0-006in. brought the transition 
front forward, but when the ribbon was at 1ft. 6in. from the leading edge, it 
had no effect on the transition front. The latter position was therefore used in all 
further work. 

As the motion of the ribbon could now be described both in frequency and 
amplitude, and the velocity v imparted to the air stream could therefore be 
determined to a good approximation, an attempt was made to measure the 
minimum signal to which the vane would give a recognizable response. A vane 
with a natural frequency of 120¢/s was placed in the boundary layer 6in. down- 
stream of the ribbon and at y/d = 0-5. The air speed was adjusted to 70 ft./sec 
at which speed the net amplification of the disturbance was expected to be zero. 
An easily indentifiable signal was then obtained for a value of ,/(v)/U, = 0-005. 
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This observation is consistent with the known free-stream turbulence level of 
the tunnel, ,/(v?)/U) = 0-003. 

Using the ribbon and vane, the progress of the laminar oscillations in the 
boundary layer were traced downstream at constant y/d. The best procedure was 
found to be to vary the input voltage of the signal-generator so as to maintain 
a constant ‘well-defined’ signal from the vane. The ‘well-defined’ signal was 
chosen arbitrarily, but was sufficient to mask the background signal due to 
turbulence. An alternative procedure was used when photographic recordings 
were made; a constant output was maintained from the signal-generator and 
the variable vane response was measured from the record. Both methods gave 
essentially the same results. 
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Figure 5. Signal-generator voltage required to produce constant amplitude of vane response 
versus distance of the vane from the leading edge of the flat plate. Traverse through branch 
I of the Tollmien-Schlichting neu ral curve. 


Figure 5 shows typical results from two different vanes, obtained by the first 
of these methods, when the vane was traversed through branch I of the Tolilmien- 
Schlichting neutral curve. The voltage output for a fixed vane amplitude is 
plotted as ordinate against the x-position of the vane. Figure 6 similarly shows 
typical results obtained by traversing a vane through branch II of the neutral 
curve. 

In each of these graphs the plotted points lie fairly definitely on two straight 
lines. The transition from one slope to the other is probably smooth, but to make 
an estimate of the position of the neutral curve, the two straight lines have been 
extrapolated to meet at a point. In figure 5, there appears to be an extended 
region of negligible amplification or damping followed by one of amplification. 
The transition from one region to the other is taken as indicating a crossing of 
branch I of the neutral curve. In figure 6, a region of large amplification is followed 
by one of much smaller amplification, and the transition is interpreted as a 
crossing of branch II of the neutral curve. 

From a series of such experiments, a number of neutral points has been ob- 
tained. These are shown in figure 7, where they are compared with the theoretical 
curves given by Schlichting (1933) and by Shen (1954). The presence in our tunnel 
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elof | ofa fairly high level of turbulence means that at branch I of the neutral curve, 
amplification of natural oscillations may contribute to the gentle slope in the 
the almost flat portion of the curve in figure 5. Similarly, natural oscillations may 


} gontribute to the residual slope in the later portion of the graph in figure 6. The 
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oe : 


fair agreement of our observations in figure 7 with the theoretical curve indicates. 
however, that the method we have used has been successful in detecting the 
position of the neutral curve notwithstanding the presence of the relatively high 
free-stream turbulence. ; 


The work has been greatly assisted by the support of Prof. Norman Feather 
of Edinburgh University and of Principal Nisbet, Heriot-Watt College. In the 
development of the electrical recording system, valuable help was given by 
Mr C. W. Davidson of the Engineering Department, Edinburgh University, 
The presentation of the theory of vane oscillations was discussed with Mr A, 
Nisbet of the Theoretical Physics Department, Edinburgh University. 
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The rise of a gas bubble in a viscous liquid 


By D. W. MOORE 


Department of Mathematics, University of Bristol 
(Received 21 November 1958) 


The rise of a gas bubble in a viscous liquid at high Reynolds number is investi- 
gated, it being shown that in this case the irrotational solution for the flow past 
the bubble gives a uniform approximation to the velocity field. The drag force 
experienced by the bubble is calculated on this hypothesis and the drag coef- 
ficent is found to be 32/R, where R is the Reynolds number (based on diameter) 
of the bubbles rising motion. This result is shown to be in fair agreement with 
experiment. 

The theory is extended to non-spherical bubbles and the relation of the resulting 
theory, which enables both bubble shape and velocity of rise to be predicted, to 
experiment is discussed. 

Finally, an inviscid model of the spherical cap bubble involving separated flow 
is considered. 


1: Introduction 


A large number of investigations of the motion of gas bubbles in liquids have 
been published during the last fifty years.* The experimental method adopted 
is, essentially, to release a volume of gas at the bottom of a deep tank of liquid 
and then, when steady conditions have been attained, to determine the terminal 
velocity, the bubble shape and the bubble trajectory. The bubble volume V, and 
hence the other quantities involved, will depend on the hydrostatic pressure 
experienced by the bubble, so that measurements are carried out over a vertical 
range of distance sufficiently small for the change in hydrostatic pressure to be 
much less than the pressure of the gas inside the bubble. 

For given gas and liquid, V or, more conveniently, the equivalent spherical 
radius r,, defined by tart = V, (1.1) 


is the only quantity at the experimenter’s disposal and it is thus the aim of the 
experiments to relate the bubble shape, trajectory and terminal velocity to r, and 
to the properties of the gas and liquid. Thus an ancillary question facing the 
experimenter is to determine which properties of the gas and liquid enter into this 
relation. Now an obvious set of properties in terms of which one can attempt to 
interpret the experimental data consists of the densities of the gas and liquid, 
p' and p; the viscosities jv’ and ; the interfacial stress 7’ and the acceleration due 
to gravity g. However, the number of properties to be considered can be reduced 

* The paper of Haberman & Morton (1953) gives a bibliography of the experimental 
literature. 
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if it is assumed that the motion of the enclosed gas has a negligible effect on the 
flow. Since the pressure and viscous stress forces exerted by the gas on the inter- 
face bear to the corresponding forces arising from the liquid motion the ratios 
p'/p and yx'/“, respectively, which are small for gas-liquid bubbles [O(10-*) and 
O(10-*) for air-water] this assumption seems reasonable and will be adopted 
throughout this paper. 

The remaining physical parameters can be combined with each other to form 
the dimensionless ratio M, defined by 


M = gu'/pT?. (1.2) 
M is thus a property of the liquid only, and variations in M are principally due to 


the factor jc‘, since p and 7' do not vary much from liquid to liquid. 
In addition, one can form the dimensionless Reynolds number 


R = 2r,Up/n, (1.3) 
and Weber number W = 2r,U*p/T’, (1.4) 


where U is the terminal velocity. Their dependence on U means that they are 
essentially unknowns, but they have the merit of possessing direct dynamical 
significance. In particular, W measures the ratio of the hydrodynamic pressure 
forces to the surface tension forces which are maintaining the shape of the bubble. 
If the pressure forces are weak, so that W is small, the bubble shape is determined 
by the condition that the surface energy is a minimum, so that the bubble is 
spherical. Thus one can anticipate that increasing departures of the bubble shape 
from the spherical will be associated with increasing values of W. 

Having introduced the fundamental physical quantities which it is hoped will 
prove sufficient for the description of the flow, one is in a position to consider the 
experimental evidence. This will be taken from the experiments of Haberman & 
Morton (1953). These experiments were remarkable for the number of liquids 
used and the range of bubble sizes considered. 

The experimental data on the terminal velocity, the bubble shape and the 
bubble trajectory will now be described. The form of the results depend in each 
sase on the value WM has for the particular liquid. 

For low M liquids (M < 10-8) the terminal velocity at first increases rapidly as 
r, increases, achieves a maximum and after falling to a minimum rises gradually 
again. For high M liquids (M > 10-%), the terminal velocity increases steadily 
with 7,, though the rate of increase falls off at a fairly well defined value of r,. 

For low JM liquids the shape is at first spherical, then increasingly oblate, then, 
at about the radius corresponding to the maximum velocity, the shape fluctuates 
rapidly about an oblate form until, for very large values of 7, the bubbles attain 
a striking umbrella shape which is quite steady at its frontal surface though the 
rear of the bubble fluctuates. These ‘spherical cap’ bubbles were the subject of an 
important investigation by Davies & Taylor (1950). For high M liquids the 
spherical cap shape is achieved without the bubble surface ever becoming 


unsteady. 
For low M liquids the bubble trajectory is at first rectilinear, then, at about the 
bubble radius for maximum terminal velocity, both planar zig-zag and spiral 
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trajectories are observed. Finally, the spherical cap bubbles rise in very nearly 
linear trajectories. For low M liquids only rectilinear trajectories are observed. 

From a dynamical point of view it is more illuminating to consider the drag 
coefficient C), rather than U, and to plot it against R and W rather than /,. 
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FicurE 1. The drag coefficient as a function of the Reynolds number (reproduced from 
Haberman & Morton 1953). 

1. Syrup (Bond), M = 0-92 x 10°. 

2. Olive oil (Arnold), M = 0-716 x 107°. 

3. Water + 62% corn syrup, M = 0-155 x 10-%. 

4. Water+ 68 % corn syrup, M = 0-212 x 10°. 

5. Mineral oil, M = 1-45 x 10-?. 

6. Water+ 56% glycerine (Bryn), M = 1-75 x 10-7. 

7. Water + 42% glycerine (Bryn), M = 4:18 x 10°. 


8. Turpentine, M = 24-1 x 10-1. 

9. Water + 13% ethyl alcohol (Bryn), M = 1-17 x 10-8. 
10. Varsol, M = 4:3 x 10-. 

11. Cold water (filtered), 1 = 1-08 x 10-”. 

12. Methyl alcohol, WZ = 0-89 x 10-%. 


13. Water (filtered), M@ = 0:26 x 10-". 


(Op is determined by the condition that for steady rise the buoyancy force 
experienced by the bubble must balance the hydrodynamic drag force; thus 


1 0U2ar Cy = $1? pg. (1.5) 


The results, reproduced from Haberman & Morton’s paper are shown in figure 1 

and figure 2. The curves in the Cp-R plane have a nearly universal form for 

large and small values of R, the drag coefficient having the value 2-6 for large R. 

The dependence on M is mainly in the range R = O(107). On the other hand, the 

curves in the C,—W plane vary greatly with M, but seem to be geometrically 

similar whilst having displacements parallel to the Cp axis which depend on M. 
8-2 








116 D. W. Moore 















The variations are not completely systematic with respect to M, but there is 
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a tendency for Cp to increase as M increases, for given R or W. The absence of | f 
completely systematic dependence on M suggests that too few physical para- | 
meters have been used, but whether this points to internal circulation or to some | e 
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Figure 2. The drag coefficient as a function of the Weber number (reproduced from 
Haberman & Morton 1953). 
(a) Syrup (Bond), MW = 0-92 x 10°. is 
(b) Water +68 % corn syrup, M = 0-212 x 10-°. : 
(c) Mineral oil, M = 1-45 x 10-2. 
(d) Water + 56 % glycerine (Bryn), M = 1:75 ~x 10-7. b 
(e) Water+ 42 % glycerine (Bryn), M = 4:18 x 10-%. e 
(f) Methyl alcohol, M = 0-89 x 10-?°. a 
(g) Water + 13% ethyl alcohol, M = 1-17 x 10°. 
(hk) Turpentine, M = 24-1 x 10-4, 0 
(7) Varsol, M = 4:3 x 10-1. fl 
(j) Water (filtered), M@ = 0-26 x 10-?¢. C 
(k) Cold water, M = 1-08 x 10-1, re 
(l) Water + 62% corn syrup, M = 0-155 x 10-3. 
(m) Olive oil (Arnold), M = 0-716 x 10-2. tl 
a 
The most striking feature of the curves is the very sharp minimum displayed by | ™ 
the drag coefficient for the low M liquids which takes place in the Reynolds 
number range 200-400 and the Weber number range 2-3. It is this minimum | 
which is responsible for the maximum in the U vsr, curves for low M liquids. ™ 
Thus for the low M liquids there seems to be a critical region in which the drag A 


coefficient increases rapidly, the bubble surface ceases to be steady and the bubble 
trajectory ceases to be rectilinear. These effects have engaged the attention of 
several authors, but there has been disagreement as to their cause. 01 

Haberman & Morton suggest that the effects are due to the onset of eddy 0 
shedding, since this is observed for rigid spheres for comparable Reynolds 
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numbers. Whilst the resulting appearance of periodic pressures might explain the 
fluctuations in the surface and the non-rectilinear form of the trajectory, the 
marked increases in Cp is not accounted for. More decisive evidence against their 
explanation is the fact that, according to Hartunian & Sears (1957), no wake 
exists for pure, low M liquids. Hartunian & Sears believe that instability of the 
bubble wall, rather than the onset of hydrodynamic instabilities in the external 
flow, is responsible for the effects. They point out in support of their view that the 
explanation in terms of hydrodynamic instability requires the effects to start in 
all fluids at the same critical Reynolds number, whilst their explanation implies a 
critical Weber number. An examination of the data points to the existence of a 
critical Weber number for the pure, low M liquids. They go on to consider the 
problem theoretically, assuming irrotational flow about a spherical bubble, and 
obtain a critical Weber number in good agreement with experiment. Hartunian & 
Sears’s observations and the success of their calculations suggest that the irrota- 
tional solution is, at high Reynolds numbers, a good approximation to the actual 
viscous flow around a gas bubble. 

This approximation is examined briefly in §2 of the present paper and it is 
shown to be dynamically reasonable. It is suggested that the irrotational solution 
forms a spatially uniformly valid approximation to the actual velocity field as 
the Reynolds number tends to infinity, although the stress field is not everywhere 
approximated by the irrotational solution. However, it is shown that, despite 
this restriction, the drag force on the bubble, which arises from the normal viscous 
stresses, can none the less be calculated and the result 


Cp = 32/R (1.6) 


is obtained and shown to be in fair agreement with experiment. 

§3 is devo ed to the non-spherical bubble. It is shown that the shape of the 
bubble is -..termined, at high Reynolds numbers, by the pressure forces. How- 
ever, even with this simplification, the determination of the bubble shape is 
difficult so that, following previous authors, it is assumed that the bubble is 
oblate ellipsoidal. The drag on the bubble is again calculated from the irrotational 
flow and there results an expression for C, as a function of W and 1. In parti- 
cular, the theory predicts that C, M-> should be a function of W only. These 
results are compared with experiment and the agreement is shown to be fair. The 
theoretical drag curve has a minimum at W = 2-2 and it is suggested that this 
accounts for the observed minimum (though not for the subsequent sharp rise) 
in the experimental drag coefficient curve. 

Finally, in §4 some tentative ideas on the flow around the very large spherical 
cap bubbles are put forward. The possibility that an inviscid model of the flow 
involving separation might account for the properties of the bubble isinvestigated. 


2. The drag coefficient for a spherical bubble 


In attempting to calculate the drag force experienced by a gas bubble one is at 
once faced with the difficulty that the bubble shape is unknown. Now it has been 
observed that very small air bubbles in liquids (r, < 0-5mm in water) are 
spherical and, whilst these small bubbles rise relatively slowly, the Reynolds 
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numbers associated with the rising motion can still be large. Thus in this section 
the bubble will be regarded as spherical* and to emphasize this restriction the 
radius will be denoted by a rather than r,. 

Let the bubble be rising with constant velocity U in an unbounded viscous 
liquid at rest at infinity. Then if r is the position vector and u the fluid velocity 
relative to the centre of the sphere, the Navier-Stokes equations and boundary 
conditions are 


(u.V)u =g—1/pVp+vV7u, (2.1) 

V.u=0, (2.2) 

u>U as |r| 00, (2.3) 

u.n=0 on (|r| =a (2.4) 

and Pup =9 on |r| =a, (2.5) 


where n is the unit outward normal at the surface of the sphere and @ is the angle 
between r and the upstream axis of symmetry. 
The irrotational solution of (2.2), (2.3) and (2.4) is given by 


u,=VlU.r/1 +s] (2.6) 
, LS ar8fP? 

and the corresponding pressure p; is determined from (2.1) which is equivalent to 

Bernouilli’s equation in this case, since the velocity field is irrotational. p, is not 

constant on the surface of the bubble, but in view of the predominance of surface 

tension forces in the case of the spherical bubble this boundary condition can be 

ignored. The tangential stress p,,, can be calculated from (2.6) and one finds that 


Pro = —3(wU /a) sin 8. (2.7) 
Equation (2.7) shows that (2.6) does not satisfy the boundary condition (2.5) and 
so cannot be the solution of the problem. However, one can modify the problem 
by replacing (2.5) by the boundary condition 


Puno = —3(HU/a)sind on |r| =a; (2.8) 


that is to say one introduces a fictitious tangential stress} distribution at the 
bubble surface. Then (2.6) is the exact solution of the modified problem. Further- 
more, (2.8) shows that the ratio of these fictitious stresses to the inertia and 
pressure forces tends to zero as 4 > 0 for fixed a and U. Thus it is plausible to 
assume that when the Reynolds number R is large, the irrotational solution 
provides a uniformly valid approximation to the inertia forces and hence to the 
velocity field. Clearly, the velocity gradient or stress field will not be everywhere 
derivable from (2.6), since the small fictitious stresses are never zero and there 
will thus be a region adjoining the bubble surface in which the relative error in the 
stress field is O(1). However, this does not contradict the assertion that the 
inertia forces are uniformly approximated by those of the irrotational solution, 
since normal gradients occur in the inertia terms multiplied by the normal 
velocity component and this vanishes at the bubble surface. The author has shown 


* This is equivalent to assuming that the Weber number is very small. 
+ The device of invoking fictitious external forces to render an approximate solution 
exact was suggested by Lamb’s (1932, p. 609) discussion of the Stoke’s approximation. 








section 
ion the 


viscous 
elocity 
indary 


(2.1) 
2) 
3) 
4) 


5) 


( 
( 
(2 
(2 


angle 


(2.6) 


ent to 
is not 
urface 
an be 
s that 


(2.7) 


>) and 
yblem 


(2.8) 


t the 
ther- 
, and 
le to 
ition 
o the 
rhere 
shere 
n the 
, the 
tion, 
rmal 
own 


ition 
mn. 


Rise of a gas bubble in a viscous liquid 119 


elsewhere (Moore 1958) that this region has the character of a boundary layer in 
which tangential stress, though not the tangential velocity, has an O(1) difference 
from the values predicted by (2.6). 

It must be pointed out that R cannot be made large without limit since, as was 
ioted in §1, there exists for each liquid a critical Reynolds number at which a 
change in nature of the flow takes place. However, this critical Reynolds number 
isitself large (> 200), so that there exists a range of subcritical Reynolds numbers 
in which it is reasonable to apply the approximation just described. 

The equation of continuity for axial flow is, in spherical polar co-ordinates, 


A a 


ou 2u c 
err sind 20 
where wu and v are the components of the velocity along and perpendicular to the 
radius vector. Now the considerations of the preceding paragraphs suggest that 
the irrotational solution (2.6) furnishes, at large Reynolds numbers, a uniform 
approximation to the velocity field (u,v) so that v(r,@) and 0v/¢e@ are derivable 
from the irrotational solution. Equation (2.9) thus shows that the normal rate of 
change of the normal velocity component is also uniformly approximated by the 
irrotational solution, despite the fact that 5v/er is not approximated by the 
irrotational solution. It is this property of the approximation which enables the 
drag force experienced by the bubble to be calculated. 
The tangential stress at the bubble surface is zero and, accordingly, the drag 
force arises entirely from the normal viscous stresses. Now, in spherical polar 


(vsin @) = 0, (2.9) 


co-ordinates, Ou 
Pe = — P+ 20s", (2.10) 
where p is the pressure. Thus, using the irrotational solution (2.6), one finds that 
Prp = —P,—6(nU/a) cos 8. (2.11) 
The drag force D is now easily calculated and one finds that 

D = 8mnUa, (2.12) 

so that the drag coefficient for a spherical bubble is given by 
Cp = 32/R. (2.13) 


This is the main result of the present paper. It is subject to the restrictions that 
Ris to be large (but subcritical) and that W has to be small. That these two condi- 
tions are not mutually exclusive follows from the observed occurrence of spherical 
bubbles at large Reynolds numbers. A relation between R and W is derived in the 
next section and this also predicts that both conditions can be satisfied in low 
M liquids. 

A comparison of (2.13) with some experimental measurements of drag co- 
efficients is shown in figure 3. Points were selected from the curves given by 
Haberman & Morton for spherical bubbles in varsol and 13 % ethyl-alcohol + 
water mixture. Evidently (2.13) is in fair agreement with experiment, although 
the theoretical drag coefficient seems to be somewhat too small.* 

* Dr Saffman suggested to the author that this might be due to a small amount of form 
drag caused by separation of the boundary layer. 
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If, as is suggested in this paper, the irrotational solution furnish’: , at high 
Reynolds numbers, a uniformly valid approximation to the ve!» vy field, it is 
clear that the wake behind the bubble must be of a rather weak ch iracter, in the 
sense that the velocities in the wake region differ only slightly from those of the 
irrotational solution. This does not mean that the wake is of no dynamical 
importance—indeed the momentum loss due to the velocity defect in the wake 
must be equal to the rate of working of the drag force acting on the bubble and, 


as 











10" - 
10 10° 


FicurE 3. The theoretical drag coefficient for spherical bubbles compared with repre- 
sentative points from Haberman & Morton’s (1953) experimental curves. +, 13% ethyl 
alcohol + water; O, varsol. 


also, the wake region makes a significant contribution to the total viscous dissipa- 
tion—but it does imply that the wake is not likely to be easily observable. 
Hartunian & Sears’s observations, referred to in § 1, suggest that there is no wake 
behind gas bubbles in pure, low J/ liquids although wakes of an unusual, ap- 
parently closed form are observed behind bubbles in impure liquids. 


3. The non-spherical bubble 


The photographs given by Haberman & Morton show that the rectilinearly 
rising bubble can achieve quite considerable departures from the spherical. 
Hartunian & Sears (1957) estimated, from this photographic data, that the bubble 
diameter perpendicular to the trajectory could be as great as twice the diameter 
parallel to the trajectory. Thus the question arises of whether or not the above 
calculation can be extended to cover the non-spherical bubble or, in other words, 
whether or not the restriction W < 1 can be removed. The problem of deter- 
mining the drag coefficient is now considerably complicated by the fact that the 
bubble shape is also unknown and has to be determined as part of the calculation. 
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nigh ' Corresponding to this extra unknown is the additional boundary condition, to be 
it is satisfied at every point of the bubble surface, 

1 the | 7: 

f the P= iz +z) +const., (3.1) 
nical ° 

vake where 2, and R, are the principal curvatures. This condition expresses the con- 


and, stancy of the internal gas pressure. Both viscous forces and pressure forces con- 
tribute to p,,,,, but since the viscous stress is smaller by a factor of order 1/# than 
the pressure its contribution can be neglected and the shape of the bubble 
calculated as if the flow were inviscid. However, the dependence of the pressure 
forces on the irrotational flow and hence on the bubble shape is non-linear so that 
the problem of determining the bubble shape is difficult. 

It is natural to start by considering the case of the nearly spherical bubble and 
this case was treated by Hartunian & Sears (1957). The bubble shape will be 
taken to be the ellipsoid of revolution 


r =all+eP,(cos@)| (e< 1). (3.2) 


1 Then, calculating the pressure forces from the irrotational fow above a sphere, 
+ I I 
one has ee ee F et ened 
_ 20? sin? 6 + O(epU?) = 4T (e/a) P,(cos 0) + O(Te?/a), (3.3) 
where the approximate formula for the total curvature given by Lamb (1932, 
p. 474) has been used. Thus, one must have 


é = —;;(U*ap/T). (3.4) 
To the order of this approximation it does not matter whether the Weber number 


is based on a or the equivalent spherical radius r,, so that introducing the ratio y 
of the transverse and longitudinal axes of the bubble, one has 


yre- 
ei y=14+&W. (3.5) 
Thus the bubble is oblate. 
'd Some discussion of the neglected terms in (3.3) is of interest. The term O(epU*) 
a arises from the effect of the change of shape on the pressure field, whilst the term 
He Ofer /a) arises from the use of the approximate formula for the total cur vature. 
me Equation (3.4) shows that these terms are in fact of the same order of magnitude. 
The calculation of the deformation due to Hartunian & Sears seems to be in error 
at this point, since they attempt to improve the linear theory by retaining only 
the term arising from the perturbation to the pressure field. 
The result (3.5) shows that deformations from the spherical are not important 
‘ly if W < ,}, and one can regard this as providing an estimate of the range of validity 
al. of the expression for Cp given in §2. 
ile One might attempt to improve the linear theory by assuming a more general 
er shape in place of (3.2) and retaining terms of higher order in the departures from 
ve , the spherical, but, in addition to the fact that such a calculation would be very 
is, lengthy, it seems unlikely that one could get a valid result for large deformations 
T- without using an inordinately large number of terms. One can instead, following 
he Hartunian & Sears, assume that the bubble is oblate ellipsoidal for all values of 


the axis ratio. One cannot then satisfy the boundary condition (3.1) at all points 
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of the bubble surface and, indeed, it seems clear that the bubble is exactly oblate 
ellipsoidal only for vanishingly small values of y—1. One can, however, insist 
that (3.1) be satisfied at the points of the bubble surface where the total curvature 
is a maximum and minimum, that is to say at the nose and at the equator, 
A similar assumption about the shape was made by Saffman (1956), but the 
approximate method of satisfying the surface pressure condition employed there 
was different. 
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FIGURE 4. The function W(y) defined in equation (3.6). 


Now the potential flow about an oblate ellipsoid of revolution is described by 
Lamb (1932, p. 142) and thus the pressure force at the surface of the bubble can 
be calculated. The condition that (3.1) is to be satisfied at the points of maximum 
and minimum curvature determines W as a function of x and one finds, after some 
algebra, that 

W(x) = 4x-4(x5 + x— 2) [x* 800? x — (x*— LEP (XY? 1) (3.6) 
A similar result was obtained by Hartunian & Sears. The function Wo) is plotted 
in figure 4 and it is seen that the linear theory is a good approximation for only a 
very limited range of values of y— 1. 

When the bubble shape has been determined, it remains to calculate the drag 
force experienced by a bubble of this shape. The structure of the flow about the 
spherical bubble was such that the normal viscous stresses could be calculated 
from the potential flow about the sphere and it seems reasonable to expect that this 
would be the case for bubbles of a more general shape. Thus if the potential flow 
about the bubble is known the drag force can be calculated without difficulty and, 
again invoking the details of the potential flow about an oblate ellipsoid of revolu- 
tion, one has, after a lengthy calculation, 

Cy = (32/R) F(x), (3.7) 
’ 
_ fae vl- =x ea) je 


where F(y) 
x? sec—! y—(x?— 1)! 
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The graph of F'(y) is shown in figure 5 and it can be seen that the drag coefficient 
increases with increasing oblateness. 

Now once C, is known, the terminal velocity U is known, by virtue of the 
relation (1.5) expressing the balance of the buoyancy force and the drag force. 
Thus, under the assumption of oblate ellipsoidal shape, (3.6), (3.7) and (3.8) 
provide, since they are equivalent to two equations in the two unknowns U and y, 
the complete solution of the problem of determining the terminal velocity and 
degree of oblateness of a bubble rising steadily at high Reynolds number. How- 
ever, the exact relations between the unknowns and r, cannot be found explicitly, 
owing to the complicated way in which y enters the equations and in order to 








/ 
/ 
/ 
/ 
L75t / Linear theory 
/ 
/ 
/ 
fj 
/ 
7 
4 
7 

eo / 

I5 f 
oe G 
hx, 

1-25 
10 + 4 
10 15 2-0 
x 


FicurE 5. The function F(x) defined in equation (3.8). 


illustrate the nature of the results, a linear theory, arising from the expansion of 
Rand W in powers of x — 1, will first be given. This linear theory has the additional 
advantage that it makes no assumption as to the bubble shape for, as has been 
seen, it follows rigorously from the analysis that, provided that terms of O(y — 1)? 
are ignored, the bubble is an oblate ellipsoid of revolution. 

The function F(y) can be expanded in powers of 7 — 1 and one finds that 


P= 14% 


(y—1)+.... (3.9) 
Now equation (1.5) yields the relation 
U = bre(eg/“) (F), (3.10) 
whereas the Reynolds number #& is, by definition, 
R = 2r,pU[u. (3.11) 


These equations enable r, and U to be determined as functions of # and of the 


€ 


constants of the liquid, so that the Weber number can be calculated as a function 
of R; thus, W = (33/18) F-3 R3M3, (3.12) 
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One can now eliminate W between this equation and (3.5) and on substituting 
into (3.9) one has 

Cp = 32/R(1 + (33/240) RIM + ...}, (3.13) 
since the variation of F in (3.10) contributes only second-order terms. This 
expression for C,, predicts that, for the lower values of R, the drag coefficient has 
the universal value 32/R in all liquids but that as R increases, the different 
liquids display increasing departures from this universal form. Furthermore, 
for given R, Cp is an increasing function of 1. Both these features are present in 
the curves in the C,—R plane given by Haberman & Morton, although the 
variations with respect to M are not completely systematic. One can also express 
Cp as a function of W and, to the order of the approximation, one has 


Cp = (6/18) M6W-5 +... (3.14) 


If the relation between C, and W were displayed on log-log graph paper (3.14) 
would predict that the drag coefficient curves were parallel straight lines of slope 
— 3. This is seen to be approximately the case from figure 2. 

As was stressed in the introduction, the presentation of results about bubble 
motion should, from the point of view of dynamical interpretation, be in terms of 
the dimensionless numbers Cp, R, W and M, rather than in terms of the directly 
measured quantities 7, and U. However, the results of this section can readily be 
converted to this direct form if required. One result, in direct form, of the linear 
theory, is an expression for the departures from the spherical in terms of the 
equivalent radius. This is 

X= 147 7(0°9?/TH*), (3.15) 
so that the axis ratio depends very strongly on the ratio of r, to the characteristic 
length 73y5g-ip->. For water this length is about 0-2 mm and this provides an 
idea of the size of bubble at which departures from the spherical will, on the above 
theory, become apparent. 

Returning to the non-linear theory one can, formally, go through the procedure 
which leads to (3.14) and one finds that, without approximation, 


ty = (96/185) M3W-[F{y(W)\]}. (3.16) 
Thus the non-linear theory predicts that Cp/M®* should be a function of W only. 
However, before comparing this ratio with its experimental values, one must 
express the condition that RF is large in terms appropriate to the Cp)—W plane. 


In fact (3.12) shows that 
R = W3(183/3) F}M-3 (3.17) 


and, since W can be of O(1), one must require that 
M-? > 1. (3.18) 


More precisely, if a Reynolds number of 50 is regarded as the lower bound of the 
range of validity of the theory, then 


M < 10~, (3.19) 


so that the theory is restricted to low M liquids. 
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The function C,,/M? as given by (3.16) is plotted in figure 6 together with values 
of Cp/M®* for several low M liquids. These were taken from the experimental 
curves of Haberman & Morton. It is seen that the agreement is fair for several 
of the low M liquids for W < 3, although the predicted values are on the whole 
too low. An unexpected feature of the theoretical drag curve is the minimum at 
W = 2-2. It seems usually to have been assumed that the drag coefficient would 
be a monotonic decreasing function of W, so that the sharp minimum displayed 
by the experimental curves has been associated with the onset of an instability of 
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Ficure 6. The theoretical relation between Cp and W compared with experimental values 
(taken from Haberman & Morton’s curves) for several low M liquids. 0, Varsol; +, 
turpentine; *, methyl alcohol; W, water. 


the flow. The present work suggests, however, that the minimum is a property of 
the steady flow. This view is, to some extent, confirmed by a comparison of 
Hartunian & Sears’s measurements with those of Haberman & Morton. Hartunian 
& Sears estimated the critical Weber number for the onset of instability by 
observing a large number of bubbles in the critical region and noting the size of 
bubble which was just large enough to oscillate. This gave a critical Weber 
number of 3, in good agreement with their calculations. However, it can be seen 
from figure 2 that the minimum in the experimental drag curves of Haberman & 
Morton are at about W = 2. 

It must be emphasized that the theoretical drag curve ceases to be in even 
order of magnitude agreement with experiment for values of W much greater 
than 3. For example, at W = 3-75, C,/M®* is about 28, whilst the experimental 
values are of 0(100). Evidently, some other mechanism is responsible for the 
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sharp increase of the drag, possibly an instability of the type investigated by 
Hartunian & Sears. In any case, the approximation of regarding the bubble as 
oblate ellipsoidal is not likely to be reliable for values of y much greater than 2-2, 
which corresponds to a Weber number of 3. 

The relation (3.17) between R and W is shown graphically in figure 7, so that 
the Cp vs R curve can be constructed if required. Since 


dC, d0,dW 


ea Ee es 2 D))\ 
dk dW dR’ aa 


it is clear that there will be a minimum in this curve at the value of R given by 








Rmin = 3°3M-4, (3.21) 
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FicurE 7. The theoretical relation between R and W as predicted by equation (3.17). 
The minimum value depends on M, however, and so is different for the different 
liquids, as is observed experimentally. A comparison with experimental data 
is shown in table 1, the minima being roughly estimated from Haberman & 
Morton’s curves. 

It is clear from figure 6 that the drag coefficients for bubbles in water are con- 
siderably above the predicted values. That the behaviour of bubbles in water is, 
to some extent, different from that in other low M liquids, was noticed by 
Hartunian & Sears. They found that critically stable bubbles in water had an 
oblateness of about 1-5, whilst in most other liquids the value was 2-1. It is well 
known that it is extremely difficult to purify water, so that it is natural to seek an 
explanation of this discrepancy in terms of impurities. Haberman & Morton 
conducted tests in which surface active substances were added to the water used 
in bubble experiments and found that as little as } % of the substance caused the 
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drag coefficient to rise to the value for a rigid sphere. They suggest that the mole- 
cules of the surface active substance collect at the surface of the bubble which 
thus behaves as a rigid body as far as the hydrodynamic boundary conditions are 
concerned. This idea is supported by Hartunian & Sears’s observation of a critica! 
Reynolds number in ‘dirty’ liquids and the fact that such bubbles can possess 
a wake. With these observations in mind, it is not unreasonable to suggest that 


Observed Calculated 

Liquid 1? Rain 
Water + 42 % glycerine 100* 95 
Water + 13 % ethyl alcohol 200 130 
Turpentine 170 175 
Varsol 230 245 
Cold water (filtered) 300 325 
Methyl alcohol 300 335 
Water (filtered) 450 430 


* Existence of minimum not certain. 


TABLE 1 


the water used in Haberman & Morton’s experiments contained small concentra- 
tions of impurities which were sufficient to raise the drag coefficient towards the 
rigid sphere value. It is significant that the use, by Hartunian & Sears, of double 
distilled water, reduced the discrepancy in the critical oblateness by about 50 %. 


4. The spherical cap bubble 


The observations of Davies & Taylor (1950) showed that very large air bubbles 
in nitrobenzene assumed a remarkable umbrella-like form. The curved surface 
was uppermost and was steady and almost exactly spherical. The rear surface was 
unsteady and fluctuated about the plane passing through the rim of the curved 
upper surface. These ‘spherical cap’ bubbles have been observed in other low 
M liquids and in high M liquids also, though in this case the rear surface was 
steady and nearly plane. The transition to this shape is not sudden, but seems to 
occur gradually as values of the Weber number of the order of twenty are 
approached. 

Let the bubble be regarded as being at rest in a uniform stream of velocity U. 
The flow will be regarded as inviscid. Let R denote the radius of the spherical 
surface and let 7 be the angie between any radius of this surface and the axis of 
symmetry. Then if U(@) is the velocity at any point of the spherical surface, one 
must have, since the interior pressure is constant 

3pU*(0) + pgR cos6 = pgR (4.1) 
(in view of the large values of the Weber number characterizing this type of 
bubble, surface tension is ignored). If, following Davies & Taylor, one assumes 
that the flow near the curved surface of the bubble is identical with the potential 


flow about a complete sphere of the same radius, then 


U(@) = 2U sin#. (4.5 


bo 
~— 
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Thus, on substituting into (4.1), one finds that 
2°pU? sin? 6 + pgR cos @ = const. (4.3) 


Clearly, this equation cannot be satisfied exactly for any choice of U, but Davies & 
Taylor point out that it is satisfied as far as the terms in @? in the power series 
expansions of the trigonometric functions, so that the pressure condition is 
satisfied near the nose of the bubble if 


U = 2(gR)?. (4.4) 


Davies & Taylor showed that (4.4) was in good agreement with the experimental 
relation between U and R. Rosenberg (1950) has verified that Uoc(gR)}, but 
suggests that the coefficient should be slightly reduced to the value 0-645. Thus 
we may regard this relation as having been firmly established. 

No further progress can be made without making some assumption as to the 
nature of the flow at the rear of the bubble. In particular, the shape of the bubble 
is unknown, so that even though the terminal velocity is given by (4.4), the drag 
coefficient cannot be determined. 

The approximation of regarding the flow as inviscid, which is, in view of the 
discussion in § 2, likely to be reliable at the front of the bubble, may well break down 
at the rear where the relatively large value of the drag coefficient suggests that 
flow separation of some sort must take place. However, one might hope to 
account for the drag coefficient on the basis of a potential solution involving 
separation of the flow along a surface of discontinuity and it is the object of this 
section to examine this solution. The bubble will be regarded as being exactly of 
the spherical cap form, so that the problem of finding the bubble shape reduces 
to determining the angle 7, of the cap. It will be assumed that the flow separates 
from the bubble at the join of the curved and plane surfaces and that the flow 
downstream consists of an infinite axi-symmetric wake of stagnant fluid, 
separated from the rest of the flow by a surface of discontinuity. This surface is 
clearly one of constant dynamic pressure and so of constant velocity. Thus the 
problem is mathematically equivalent to that of determining the shape of the 
axi-symmetric cavity behind a solid obstacle of the same shape as the bubble. 
Unfortunately, no method of solution, analogous to the well-known hodograph 
plane method in the two-dimensional case, is available. However, it will prove 
possible to determine @,,, without finding the exact shape of the cavity. 

Let V be the velocity of the fluid just at the surface of discontinuity. Then since 
the velocity of the fluid must be continuous at the points where this surface leaves 
the bubble, one must have V = U(0,,). (4.5) 


Equation (4.5) also ensures that the pressure is continuous at the plane surface of 
the bubble. Now, since the wake is assumed to extend to infinity, the velocity at 
wake boundary must be equal to the uniform velocity of the fluid at downstream 
infinity which is. by continuity, equal to the velocity of the fluid at upstream 
infinity. Thus, from (4.5), U = U(0,). (4.6) 
[f one assumes that U is related to the radius R of the cap by (4.4), substitution 


into (4.1) shows that 0, = cos = 39°. (4.7) 
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Thus, even though no details of the wake flow have been elucidated, @,,, has been 

, determined. However, the value is somewhat outside the range observed by 

(4.3) “ = . Z 5 * 
Davies & Taylor, the mean value of 0,,, being about 52°. 


- & | The volume V of the bubble is given in terms of R and 0, by the relation 
series | 
on is | V = 7R*(4 cos? 6, — cos 8, + 3) (4.8) 


> so that the buoyancy force pgV is known. Then, since U is given in terms of R by 
(4.4) (4.4), the drag coefficient (as defined in §1; Davies & Taylor employ a different 
definition) can be found and one has 


ental 
) ee a 
, but Cp = 21. (4.9) 
Thus The experimental value is 2-6. 
} One can determine the asymptotic form of the wake using a result due to 
0 the Levinson (1946). Levinson proved that the asymptotic relation between the 
ibble radius 7 and the distance downstream « for the infinite axi-symmetric constant 
drag pressure cavity behind an obstacle is 
1 
r~ cx(logx)-* as (xo 4.10 

ie (log) (+00), (4.10) 
lown } where c is a constant, and that, moreover, the drag force D experienced by the 
that obstacle responsible for the cavity is given by 
ve to 12 As 

; D = \(mpU? 2), (4.11) 
iving , 
f this where U is the velocity of the uniform stream. Thus equating this expression for 
ly of the drag to the buoyancy force pgV and invoking (4.4) one has 
luces c = O-S5R. (4.12) 
rates : = ’ a ‘ ; 
ian It is not surprising that the value of the drag coefficient predicted by this 


juid theory is somewhat too small, since the actual flow is almost certainly turbulent. 
Indeed, owing to an optical anisotropy of nitrobenzene, Davies & Taylor were 


ce is 
ude able to observe the turbulence behind spherical cap bubbles and were even able 
the to estimate the turbulent dissipation, which turned out to be of the same order 


a, of magnitude as the rate of working of the drag force. The actual wake was 
approximately spherical, the surface being quite well defined in the photograph 


~ given by Davies & Taylor. This suggests that perhaps a more realistic model would 
be one of the closed streamline type discussed by Batchelor (1956), although this 
asi type of wake would lead to a zero value of the drag coefficient. 
aves | What is most likely is that no satisfactory explanation of the properties of the 
7 bubble can be obtained on inviscid theory, whatever assumptions are made. 
(4.5) However, in lieu of any more realistic theoretical approach, investigations of this 
ce of type are perhaps worth making. In particular, a more general approach to the 
ty at inviscid, discontinuous flow, which regarded the bubble shape also as being 
eam an unknown, would perhaps throw some light on why the bubbles adopt the 
‘eam | curious spherical cap shape. However, the resulting boundary value problem 
(4.6) is formidable. 
ition 


The author has benefited from some interesting discussions with Dr P. G. 
(4.7) Saffman, who drew his attention to the problems of bubble motion at high 
9 Fluid Mech. 6 
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Reynolds numbers. Dr Saffman also made some helpful comments on the first 
draft of this paper. During the period of preparation of this paper the author 
was in receipt of a maintenance allowance from the Department of Scientific and 


Industrial Research. The author is indebted to the Director of the David W. | 


Taylor Model Basin for permission to reproduce figures 16 and 17 from Haberman 
& Morton (1953). 
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On the instability theory of the melted surface of an 
ablating body when entering the atmosphere 


By SAUL FELDMAN 


AVCO Research Laboratory, Everett, Massachusetts 
(Received 22 September 1958) 


Some ablating bodies entering the atmosphere will melt or soften. Under de- 
celeration, the soft or melted surface will tend to develop instabilities of the 
Lamb-Taylor type. Two situations involving viscous incompressible fluids are 
investigated here: one where the liquid layer has constant viscosity and finite 
thickness, and the other, where the viscosity increases exponentially with 
distance away from the interface, and the layer is semi-infinite in extent. 

It can be demonstrated, that if one neglects gradients in the flow direction, the 
rate of growth of interface disturbances in a plane normal to the axis of an axially 
symmetric blunt body is independent of the flow velocity. The fact that the 
deceleration and liquid thickness vary with time along a trajectory is also included 
in the analysis. Results of calculations for the amplification factor and the most 
amplified wavelength are given. 

A mechanism due to the deceleration is postulated, which would cause the 
formation of longitudinal grooves on the surface of an axially symmetric blunt 
body while entering the atmosphere. 


1. Introduction 

The possibility of travelling through the EKarth’s atmosphere at hypersonic 
speeds has led to the study of heat transfer of ablating objects. Such ablation 
occurs as a result of the high heat transfer rates encountered in hypersonic flight. 
Here, the flight time through the atmosphere is short, and in practical applications 
only part of a properly designed payload envelope will melt or vaporize. An 
example of some ‘good designs’ may be seen in plate 1, figure | where several 
stone meteorites that survived the atmospheric journey are shown. 

According to their chemical composition meteorites can be classified into irons 
and stones. Typical elements found in an iron are Fe 91 °% and Ni 9%, by mass, 
while in stones they find O, 36 %, Fe 26%, Si 18%, Mg 14%. Since SiO,, which 
makes up more than half of the mass of stone meteorites, does not have a definite 
melting point, stone under re-entry conditions will probably just soften, while 
irons, on the other hand, will melt. 

The attractiveness of using an ablating surface as a heat shield resides in the 
possibility of vaporizing the soft or melted material. (The problem treated here 
does not arise in cases where the solid material sublimes.) If the vaporization 
and melting temperatures differ appreciably, as they do in most substances, 
the melt must be sufficiently viscous so that it can be heated to the vaporization 
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temperature before it is swept off the body: thus, the benefit of vaporization wil] | 
have been realized. 

There are two principal mechanisms which may lead to loss of the melted | 
material before deriving the benefit of its evaporation. One is that the liquid, for 
sufficiently high liquid Reynolds number W,p,h/u, (where W, denotes the gas. 
liquid interface velocity, h the liquid layer thickness, and p, and j, denote liquid 
density and viscosity respectively), could develop instabilities that would lead 
to liquid entrainment by the gas stream. Due to viscous effects and (or) Helm- 
holtz instability, energy is fed from the main gas stream into the disturbed liquid, 
The other mechanism is provided by body forces due to deceleration normal to the 
gas-liquid interface. The softened surface will always have some small-amplitude 
corrugations at the liquid-gas interface which, under the high deceleration forces 
normal to the liquid film encountered during re-entry, will amplify and lead to 
liquid loss. This phenomenon will probably be most important at low liquid 
Reynolds numbers and in the neighbourhood of the stagnation region of blunt 
bodies, where the deceleration normal to the body is highest. The component of 
deceleration parallel to the body only causes a change in the liquid film velocity 
profile. 

A high performance heat shield should avoid or minimize liquid loss due to 
hydrodynamic instability. The rate of growth of some of these instabilities is 
investigated here. 

Consider the flow about a melting or softening blunt body at zero angle of 
attack (figure 2). If the radii of curvature are large compared with the liquid 
layer thickness, a two-dimensional treatment of the problem will be satisfactory. 
There are two main types of disturbances that have to be investigated: distur- 
bances propagating in the stream direction—in the (¥z)-plane—and disturbances 
across the stream in the (%¥)-plane. Since we are concerned with an efficient heat 
shield, we will assume that very little material is lost due to hydrodynamic 
instability during the flight time through the atmosphere, and therefore that the 
amplification rates must be sufficiently small so that the linear treatment cor- 
rectly describes the interesting part of the phenomenon. This assumption will 
have to be checked a posteriori. 

The treatment of disturbances propagating in the (y2)-plane are the subject of 
the hydrodynamic stability theory of two fluids with body forces normal to the 
interface. Feldman (1957) treated the problem of the hydrodynamic stability of 
two fiuids with the velocity profile shown in figure 3; the liquid Reynolds numbers 
were assumed large, and the body forces acted normal to the wall, but in either 
direction. He found that when the body force was directed towards the wall the 
flow was destabilized, which seems to disagree with what one would expect 
intuitively. It was shown that in that problem, gravity—when acting towards 
the wall—and surface tension produce a Reynolds stress that feeds energy into 
the disturbance in the case of high liquid Reynolds numbers. In practical 
applications, however, the liquid Reynolds numbers will be small, and the above- 
described mechanism will be inoperative; the important destabilizing factor will 
be the body forces caused by deceleration normal to the gas-liquid interface. 
Therefore, in this case the velocities in the steady flow (figure 3) can be neglected, 
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Q6 Ya x7 - 
and the problem reduces to one of the type that Lamb (1932) and Taylor (1950) 
have already investigated. 
In other words, in the «R-plane (commonly used for presenting hydrodynamic 
stability results) at a given wave number, the liquid film is Lamb-Taylor 
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Figure 2. Flow about a melting blunt body. 




















84 
_-m 
a | eer en Direction of gravity 
U(y) 7 
} | 
144 (y-1 
Ly 
boy —~ - —~_ Liquid —" MI _—— — ih 
JT aoe - —— Ufy)=¥ ae: 
— Mibbibhitsdsssssssdsdsdddddddlte 


Wall 
Ficure 3. Velocity profile investigated by Feldman (1957). y, = 9; yx = 13 Ys = ©. 


unstable when the liquid Reynolds number is zero (i.e. no flow). At some small 
liquid flow rate the film becomes stabilized, and if the flow rate is increased 
sufficiently, the usual hydrodynamic instability sets in where the body forces 
away from the solid wall are unimportant compared to shear forces. 

We have experimental evidence (to be published elsewhere) that a small 
amount of gas flow can stabilize Lamb-—Taylor instability. The experiment 
consisted of a horizontal flat plate with a film of silicone in the underface, which 
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could be inserted into a horizontal air jet. With no gas flow the film wouid 
develop the usual Lamb-—Taylor columns. At small air flow the spikes would be 
blown into the gas stream and carried away by it (liquid still unstable). As the 
gas flow is increased, the columns disappear and instead transverse waves appear 
of the same wavelength as the columns: these waves seem to be damped since they 
do not lead to any fluid loss. If the gas flow is increased further, a condition is 
reached such that the liquid film becomes unstable: liquid blows off the crests of 
the waves due to the usual high Reynolds number hydrodynamic instability, 

The waves that develop as a result of gravity in the liquid film on the underside 
of an inclined flat plate (‘tea-pot’ effect) without any gas flow have been shown by 
Benjamin (1957) to be always unstable. This, however, is not our case when away 
from the stagnation point of a blunt body, where the shear forces at the gas-liquid 
interface are far more important than the body forces in determining the liquid 
velocity profile. 

We will therefore assume that in cases of interest, the liquid Reynolds number 
will be either sufficiently larger than zero, and smaller than the usual critical 

teynolds number, so that the disturbances propagating in the (7z)-plane are 
stable, or sufficiently close to zero so that the amplification rate of Lamb—Taylor 
instability gives an upper limit to the growth rate of disturbances that appear 
when the liquid flow rate, due to gas-liquid interface shear, is small 

We turn next to investigate the disturbances in the (x¥)-plane. The hydro- 
dynamic instability of the flow to small two-dimensional disturbances developing 
in the (¥y)-plane (figure 2) is investigated theoretically in this paper. As will be 
pointed out in § 2.1, itis evident that if all z-variations are neglected the instability 
of this flow is completely independent of the velocity profiles W(y)—in the 
(2)-direction—of the liquid or gas, and it reduces to the Lamb—Taylor instability 
problem. Of course, the shape of the perturbed streamlines are a function of W(j) 

The initial stages of the Lamb-—Taylor instability problem have been treated 
theoretically in the literature by small perturbation techniques up to the third- 
order approximation. Experiments have also been carried out in order to check 
the theories. We will now briefly review the work done on the initial stages of 
instability. 

Lamb (1952, p.371) pointed out the unstable behaviour of the interface of two 
semi-infinite inviscid incompressible fluids in a gravitational field normal to their 
interface, when perturbed by a small oscillation. His results indicate that when 
the body force acts from the heavier to the lighter fluid the disturbances grow 
exponentially in time f, i.e. the ratio of the amplitude 7 at any time to the original 
amplitude », is given by nit = exp (a), (1) 
where ” is the amplification exponent. Lamb also pointed out that the effect of 
surface tension was to stabilize the motion for wavelengths shorter than a cut-off 
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wavelength A,,,, given by 
A eh 
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where o is the interfacial surface tension coefficient, g is the acceleration per- 
pendicular to the interface, and the subscripts g and / denote quantities evaluated 
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for the gas or liquid; the bar denotes dimensional quantities. The wavelength for 
which the amplification factor 7 is a maximum is called the critical wavelength A,, 
and will be denoted by 7,. 

The result obtained by Lamb for 7, neglecting surface tension, was 


“— 
2 


ws (3) 
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Taylor (1950), neglecting surface tension, extended the investigation to include 
the case where the denser fluid was of finite thickness and the second free surface, 
although initially flat and stable, was free to distort. 

Bellman & Pennington (1954) included viscosity and surface tension in their 
analysis of two semi-infinite fluids. They found that viscosity had the effect of 
diminishing the amplification rate x, but could never by itself make it go to zero 
for any finite wavelengths. Their calculations have been extended and recast in 
amore convenient form in § 4. 

Chang (1958), by carrying the small disturbance theory to the third order in 
the amplitude to wavelength ratio, investigated the inviscid problem of one 
semi-infinite fluid with a free surface in the initial stages of non-linearity. He 
found a theoretical explanation for an interesting effect due to surface tension, 
which had been previously observed by Watson (1957), and had been called 
‘overstability’. Although from Lamb’s analysis waves shorter than the cut-off 
wavelength X,, are fully stabilized by surface tension (i.e. only oscillatory motion 
is possible), Watson found experimentally that these waves will oscillate and at 
the same time grow in amplitude. When including non-linear effects in the theory, 


Chang found that for A < A,, anc tebe: (4) 
27g Aeo\ |? = : 

h Bae) test oe é. 

where T T ( T )| (5) 


and fis a function A,,/A. For A > A,,, he checked the result given by (3), and when 
A= A,, he showed that — 
y~ not. 

Summarizing, the two essential points in Chang’s results are: (1) when the 
non-linear effects become important, surface tension does not stabilize short 
wavelengths, although it diminishes their rate of growth; and (2) the critical or 
maximum rate of growth of disturbances is adequately given by the linear theory 
that includes surface tension. 

Experiments designed to check the linear inviscid theory have been carried out 
by Lewis (1950), Allred, Blount & Miller (1954), and by Watson (1957). The 
experimental values of % agree within a factor of 1-5, or less, with the theoretical 
values. Watson found that the agreement of the experimental with the theoretical 
values of 7,, at the critical wavelength A,, was within 10%. 

Except for Taylor’s inviscid finite-thickness layer with two free surfaces, the 
cases that have been treated in the literature thus far, concerning the Lamb— 
Taylor instability, involve two fluids of semi-infinite depth and constant viscosity. 
The cases encountered during re-entry have only one free interface and when the 
material has a definite melting temperature—like the metals—the liquid has 
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a finite thickness or, in the case of glasses, the surface softens as the temperature 
rises, 

The rapid increase of viscosity with distance into the solid, or the finite thick- 
ness of a molten layer, may reduce its instability to an unimportant problem in 
the case of certain materials for specific applications. In effect, Chang (1956) has 
shown that for an inviscid liquid layer of depth h in a vacuum, 


nm ~ {tanh (27h/A)]?, (6) 


which shows the stabilizing effect of small liquid depths. 


2. Instability of a semi-infinite viscous incompressible fluid with an 
exponential viscosity law 

2.1. Formulation of the problem 
The instability problem of the axisymmetric softened surface of figure 2 will be 
approximated by the two-dimensional problem represented in figure 4. Let W(y) 
denote the undisturbed velocity profile. All gradients in the flow direction Z will 





Figure 4. Co-ordinate system used in instability calculations. 


ye neglected. The deceleration causes a body force pg, normal to the i ace 
glected. The decelerat uses a body force pg, normal to the interface and 
directed from the liquid to the gas. The gas and liquid densities p, and p,, and gas 
will be assumed constant. The liquid viscosity will be taken as 


viscosity /4,, 


poy = mye, (7 
where 7 < 0 for the liquid, and the subscript 7 indicates a quantity evaluated at 
the gas-liquid interface. The viscosity law (7) is a good approximation to the 
behaviour of glassy materials. Specifically, the viscosity of Pyrex during re-entry 
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heating, was obtained in the interface region (figure 5) from Sutton’s (1958) 
calculations for the temperature distribution through the softening surface. One 
other justification for u ng the exponential variation is that it simplifies the 
analysis considerably. 
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Figure 5. Viscosity of Pyrex as a function of distance away from air-Pyrex interface. 
Interface temperature 4000 °F. Source of data: Sutton (1958). a, Obtained by using 


; Sere 8720 \1612 
Sutton’s (1958) calculation for the temperature distribution and y= exp (Fag) 


poises; 7’; = 4460 °R; “,; = 18-5 poises. 6, Exponential approximation. 


The relevant dimensionless equations of motion, including body forces in the 
y-direction, and continuity for an incompressible fluid of variable viscosity, in 
which the gradients in the z-direction have been neglected, ‘are 


Ou Ou ou Cp 1 (cu cw\ i oR tow oR (du cv ; 
ou Ou ou tia au 20) og 


—+Ua— +05 =—— ta (agtag ——z-+—— (ata 
hd Cx oe =R(y) \eu® dy? Cx ox! cy \ey cx, 
ov dv a op 1 (dv dw) eR (dv ou OR ev 
a tus ton = 1 (tata (ata )+2—2, (9) 
ct Cx cy cy Ry) \ea? oy? Cx \ex cy Cy cy 
Cu Cl 
ie (10) 
Oe oy 
where the subscript / has been deleted and 
u=ulU, v=d/U, 
z=Z/é, y=¥ylé, 2=2/6, t =tU/é,\ (11) 


U = y(99), R= pudlu*, p=p 02.1 





138 S. Feldman 


Here uw and v are the velocities in the direction of the coordinate axes x and y, 
p is pressure, g is the acceleration normal to the interface, j.* is the viscosity and 
6 is defined by (7). Two further equations could be written down, the equation of 
motion for the z-direction and an equation for the temperature distribution, but 
these turn out not to be relevant to the present analysis. The quantities , and 
&§ depend on temperature, of course, but are assumed to be known. Note that 
equations (8), (9) and (10) do not involve the z-component of velocity, which fact 
is obviously to be expected as a consequence of our neglect of z-variations. 
[t will be assumed that the dependent variables can be expanded as 


u=euMa,y,t), v= EO a,y,t), w* = wy)+ e w(x, , t),) 
p= P(y)+ep%(az,y,t) (3 = 1,2,3,...), J 


where ¢ is a small parameter in the problem yet not determined, and the notation 
of tensor summation has been used. 

Inserting (12) and (7) into (8), (9) and (10), and equating coefticients of the first 
power of ¢, gives for the first approximation of the disturbed motion 


Ou op l Cu) Au) d(R)- (Au® dy 
A, aaa ae 4 a “A ma er 7 “A . bead "a ca (13) 
ot Ox =RO(Yy)\ cu® oy? Cy \cy Oa 
ev) Cp l C7) Oy) d(R)-1 Oy 
ar Mewes (= stacy —, (14) 
ct Cy = =RO(y)\ cx? — cy? cy oy 
(qx) 
arta ee, (15) 
Cx ~—Cy 
where R© = pU6/n(y). (16) 


Equations (13), (14) and (15) form a system for the three unknowns, w, v® 
and p, Since the system does not contain W(y), the motion in the (ay)-plane and 
the solution of the stability problem are independent of the cross velocity W(y), 
regardless of the viscosity law that is used. 


2.2. Boundary conditions. Derivation of the disturbance equation 


In order to simplify the calculation, we will replace the gas (figure 4) by a 
vacuum, i.e. p, = 0. Equation (3) shows that this is a very good approximation. 
Therefore, all quantities in the analysis from here on will refer to the behaviour 

of the liquid. 
The boundary conditions applicable to (13), (14) and (15) will be written in 
dimensionless form. At the interface (y = y;), the tangential stress vanishes, i.e. 
cuM = ov) 


ang I, (17) 
oy Ox 


and the normal stress is in equilibrium with the surface tension; thus, 


2 a) a2, (1) 
aghpe ore. I aL: 
Roy W oz? 


= 0, (18) 
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where the subscript 7 denotes interface, and R and W are the interface Reynolds 
and Weber numbers given by 

1 a3 7 v6 
R = pg?62/n,; and VW go’p/o, (19) 


where o is the surface tension coefficient. 
As y > —0o, the disturbance must vanish, i.e. 


vm) -- 0, w= 0. (20) 


Let € denote the vorticity of the perturbed flow, i.e. 


av) cul 
(eer (21) 
Cx cy 
From (15) and (21), 
~w at) ~~) 
— 5 Of i. | 3 g”* oc 
V2u) =——, where V? ==~<;+= 5. (22) 
oy Ox? oy? 


Differentiating (14) and (13) with respect to a and y, respectively, subtracting the 
second result from the first, and using (22), it follows that 


cy cy cy (0) C 


0) Oy? - Cx 
The equation of continuity assures the existence of a stream function y such that 


uDM=yYy, and w= —y,, (24) 


the subscripts denoting partial derivatives. We now choose as the representation 
of the disturbance stream function 


uy = D(y) etartnt (25) 


where the wave-number « and the amplification exponent n are given by 


a= 2n/A = 2nd/A, n= 7,/(4/9). (26) 

From (24) and (25), the disturbance velocities and the vorticity can be written as 
uw = Oi(yjetert, of = ine, (27) 

C = —(’" — a2@) etertnt, (28) 


If we write d/dy = D, V?& becomes 
V2 — (D? ine a?) MO y iaxtnt 
which, together with (7) and (16), can be inserted into (23) to yield 
{{(D— 1)? — a?] (D? — a) + 207} © = nReY(D? — a?) ®, (29) 

where R is given by (19). Note that the right-hand member of (29) is proportional 
to o¢/ot. 

The boundary conditions on ® in (29) will now be obtained from (17), (18) and 
(20). We will first express ¢?y?/0a? and p™ that appear in (18). 

At the interface, for small slopes, 

a, (1) 


ae = yD es iaD etxtnet, (30) 
a 
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The shape of the interface may be expressed as 


y) 9; etar+ nt (31) 


where y; is the complex amplitude. Insertion of (31) into (30) gives 


Oo ; 
Y; = —t— D(0) et@ztnl, (32) 
n 
2, ,(1) 3 
oy a , 
and = = 4 — D(0) et@r+nl, (33) 
Ox? n 
In order to determine p™, let 
py ee ply) etartnt (34) 


which, together with (27), can be inserted into (13) to yield, when evaluated at 
the disturbed interface y;, 


p=- 5 [®” (0) — 0"(0) — (nR + a?) (0) — a? (0)]. (35) 
v 


We have thus managed to integrate the (x)-momentum equation of O(e) in order 
to obtain p™. There still may be lacking a constant of integration. In effect, 
integration with respect to y of the complete equation given by (9), would yield, 
at the disturbed interface y; a term of O(c) which comes from the term of O(1). 
This additional term is precisely y;, which from (32) is 


Y,=- rie @(0) ete, (36) 
n 
From (34), (35) and (36), p® at the interface is 
1 i Ws "” 9 , 9 R 1 ° — 
pY) = — ©” (0) — O (0) — (nk + a?) (0) +02 ~~ i) (0) etzxtnt, — (37) 
; 
When inserting (27), (33) and (37) into (17), (18) and (20), these become at y =0 


M” +a? = 0, (38) 


n 


©” — ©" —(nR+ 302) O' +02 E (1 2) ™ 1 ® = 0. 


Inserting (38) into the last expression gives 
5 \ i 5 


mM" > ‘ 9 , 9 R e ‘ 
@” — (nk + 3a?) O'+a?—(1-_.]} 9 = 0. (39) 
n\ WwW 
At y = —0, we have ®=0 and @M’=0. (40) 


2.3. Solution of the disturbance equation for nk > 1 
For nR > 1, (29) reduces to the inviscid case. Since the fourth-order equation 
reduces to one of second order, two of the boundary conditions cannot be re- 
tained; i.e. (38) and the second of (40). The eigenvalue for » then reduces to 
(80) below. 


Vv 





39) 


L()) 


on 


re- 
to 





Instability of the melted surface of an ablating body 


2.4. Solution of the disturbance equation for nR < | 


The disturbance equation (29) whose boundary conditions are given by (38), 

(39) and (40), will now be solved. We will assume that nR < 1 and expand ® in 

a power series in nf, i.e. . 

O= Db (nk) O®, (41) 
k=0 


Physically, nR < i means that the amplification exponent 7 satisfies 


“4 4 LY 9 
n < 99° (42) 
po- 

The correctness of the assumption that the product nF is small will have to be 
checked a posteriori, when calculations are made for specific instability situations. 
Substituting (41) into (29), (38), (39) and (40) gives the differential equation for 

the first approximation to ® 
{[(D— 1)? — «?] (D? — a?) + 27! © = 0 (43) 


> 


with the boundary conditions at y = 0 


DO” + g2M) = 0. (44) 
’ ni. @ 
DO” — Zy2MO + y2— [] — ) Mo — 0 (45) 
n W, 
and at y = —2 ®®=0 and Oo =9, (46) 


Since the right-hand member of (43) vanishes, this is tantamount to neglecting in 
(23) the time rate of change of vorticity. (43) is an ordinary linear fourth-order 
differential equation with constant coefficients; its solutions are of the form 


0) _. ay 1 - 
05” = exp (q;+ 3), (47) 
where the q;’s are given by 
Se a * ay \t = aX = — * ; 
Gy = (47 +$4+24)?, =H, G=-Ud U=—-M€d> (48) 


and where the stars denote complex conjugates. If we let 


. ee 4 
A = [(1+4a?)?+ 16a7]*, y= ta 1( = ), 49 
[(1+4at)*+ 160%}, x = tant (>), (49) 
fA2+(1+ 4a? 
come ff) 
é (50) 
P [[A?—(1+ 4a? 
and n = Asin}y = P ad : | 
it can be shown that the solution of (43) can be written as 
4 
oOo — 7 k; O., (51) 
j=1 
where © = exp[$(1+E+iy)y], Of = o*,) (52) 


(y < 0). 


OY = exp[4(1—E—in)y], OP = OP J 
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In order to satisfy the boundary conditions (46), k, = k, = 0. Therefore we have 
0 = k, 0 +h, D0, (54) 

which when substituted into (44) and (45) gives 


k,(s? re a?) + ko(s*2 + a2) ==i0} | 


j 4 At R 3) r (55 
k,| 8? — 302s + a? . (1 one + ky| s*3 — 3a2s* + a? — (1 iu = 0, as 
| n\ W i n\ W 


where s=4(1++%y) and s* = 3(1+-7). (56) 


Since k, and k, are non-vanishing, (55) requires that 


| s? + a? g¥2 4 2 | 
j gi Sa R a?\ | = 0, 57 
63 — 302s +a2—(1— *) s*3 — 3a28* + a? — (1 —-— (57) 
| n W, n W 


which is the eigenvalue determinant that describes the instability of the flow. 
Solving (57) for n/R yields 


n 2s,,07(1—a?/W) 
= 5) 9\92 2/2. So  ..0N? od 
R (s2+8?)? + a?(6s? + 2s? — 3a?) =) 
where & = 4$(1+8), 8, = $9. (59) 


Further, € and 7 are given by (50). From (58) it can be seen that as a — 0, 


n/R + 0; and also n/R = 0 at the cut-off wave number, 
=/W, (60) 


which agrees with (2). The curve of n/Rvsa then has a maximum at a wave- 
fo) / 

number smaller than the cut-off wave number. For sufficiently small wave 

numbers, 7/F is independent of W. 


2.5. Limiting form of (58) fora < 1 
For small values of the wave-number @, it follows, from (49), (50) and (59), that 
A? = 14120?+O(a!), s?=1+407+O(a4) and s?=a2+O(a4). (61) 
Inserting (65) into (62) gives 
n|R = 2a?(1 —a?/W) [1 — 14a? + O(a4)]. (62) 


Differentiating (62) with respect to a and setting the result equal to zero, yields 
the critical wave-number «, that will maximize the value n/R, i.e. 


1+ O(as) 


Lh = 5 he 63 
© 204+ 1/17)} 
Substituting (63) into (62) gives, up to terms of O(a‘), 
i l ( 7 
= — ~_ )4) 
lian ( 5 7a) (1 a) ” 


where G = 1441/W. 
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have For small W, (62), (63) and (64) give respectively 
(54) n/R = 207, a,=J/(4W), n,/R=4W. (65) 


Thus, when W is small, (60) and (65) determine the important features of the 
amplification exponent; these are summarized in figure 6. 

















(55) 
(56) 
(57) 
= 
= 
low 0 
(98) 
(59) 
> 0, 
(60) ae 
ve- Figure 6. Important features of the amplification exponent for small values 
ave of « and W and exponential viscosity variation in a liquid of infinite depth. 
For large W, a, is of O(1), and no significant simplification of (58) can be made. 
Since for some materials, the case of small « and W may be of considerable 
hat practical importance, (60) and (65) will be restated, for convenience, in dimen- 
: sional form; thus ~ ee = - ae 
61) Aco = 2 (F/]pg), Ag = V2AQo; (66) 
(pg)” 0° ia 
=. (67) 
20K; 
62) 


Since for high-performance heat shields, the amplification factor 7 has to remain 
Ids small, (67) shows clearly the importance of having large viscosity and surface 
tension, as well as a rapid change of viscosity with distance (i.e. small 0). 


63) 2.6. Limiting form of (58) for a> 1 


In this case it can be shown that if «?/W <« 1 and « > 1, (62) reduces to 


n/R = 1/(2a). (68) 


54) 
Finally, (58) is plotted in figure 7, where the Weber number W is a parameter. 


Note that for « > 1, (68) agrees with the plot. The critical values, as read from 
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figure 7 have been plotted in figure 8, where a comparison is made with (65) for 
small values of W. Figure 8 could be obtained analytically by maximizing n/R 
with respect to a in (58). 


3, Instability of a viscous incompressible fluid of finite thickness and 
constant viscosity 

We will now modity the previous analysis so that it may be applied to a class of 
materials that have a definite melting temperature and whose viscosity has 
a weak temperature dependence. In this case the viscosity will be assumed to 
remain constant across the liquid layer. 


3.1. Derivation of the eigenvalue determinant 
The present problem differs from the case discussed in §2 by the fact that the 
liquid layer has a constant viscosity , and a finite thickness h. 
The differential equation (23) simplifies to 


Ay 


R= = V%, (69) 
ot a 
with R = pg*h? |p, (70) 
y=ylh and x=Z/h. (71) 
Instead of (29) we now obtain 

| (D? — a)? —nR(D? — a?)| ® = 0 (72) 
with the boundary conditions given as before by (38) and (39), while here (40) 

holds at y = —1 instead of negative infinity; i.e. at y= —h 
O=0, O’=0. (73) 


Although the differential equation is simpler than before, the eigenvalue deter- 
minant here will be more cumbersome due to the boundary condition (73). 
The solution of (72) is given by 
D = kh, e-*¥ + ky e-F4 + kg et + key FY, (74) 
T prea ‘Nae lL ag aed 
where p= (a? +nR). (75) 


Since k,, ky, k3 and k, are non-vanishing, substituting (74) into the boundary 
conditions (38), (39) and (73) yields 
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a(n + 224 | 9+ Bink + 3a?) | —a(nk + 2a?) |/°— Ain + 3a?) 0 
Ai. R a?\) Ri. @ R raat 
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This equation can be shown to reduce to 


9 


z | — 48+ ay? — (=) ( ~ =| (; +3) sinh («+ £)— (; +3) sinh (b-a) 


1 p—(«+f) Y = I -£) abe B (p—a) v & —93-—0 I] 
ie li : B oe a, J y ah” a(I+3 mM) 


where y = 2+ Rn/a?*. (78) 

Prior to presenting (77) in graphical form, we will discuss its behaviour for 
some limiting cases. 

3.2. Some limiting forms of the eigenvalue determinant (77) and comparison 

with the liquid layer of semi-infinite depth 
As Rh > «, (77) reduces to 
n = [a(1—a?/W) tanh ajs. (79) 
The tanh « dependence in (79) agrees with (6), which was obtained by Chang 
( 


(1956). Note that for large «, i.e. small A/h, (79) reduces to the case of a liquid 
layer of infinite depth: 


n = [a(1—a?/W)]P. (80) 
For small «, we have from (79) 
27 , 
N=a, Or N= 7 V(gh), (81) 
/ 
while for the deep liquid layer 
n= Ja, or %=./(279/A). (82) 


From (79) the critical values cannot, in general, be written explicitly since 
transcendental expressions are involved. These can be reduced, for the case of 
small a, to poe — 
n,=/(4W), and a,=./($W), (83) 
ee a | Lae 
or i, =4(phic)?g and &, =-75(pg/e)?, (84) 
NV ~ 
while for the semi-infinite fluid (Bellman & Pennington 1954) the critical values 
are given by Sava ee m 
n.=(3V¥(QW) and a, = V(}W), (85) 
. m7 92/2)4 (p/8qr)t gi = 2-4 h 96) 
or N, = (2/3)2(p/30)tgt and a, = 3-*(pg/o)?. (86) 
3.3. The behaviour of the amplification exponent for a fluid of finite thickness 
Figure 9 is a plot of (77). The curve for R = 00 coincides with (79) and for small 4 
with (81). 
For small values of «, in the inviscid case (R = 0), the closer the wall is to the 
interface, the smaller the amplification exponent; the presence of the wall de- 
creases the amplification of the disturbances. When viscosity is included, the 


wall has yet a more important damping effect, because it forces to zero the 
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y-component of the disturbance velocity. The larger the viscosity, the stronger 
this effect. It can also be shown, from (77), that for sufficiently small values of « 
n~ a, 


(87) 


For large values of «, the wall should have no effect, the results should coincide 
with the semi-infinite fluid (figures 10, 11), and since large « means also high 
spatial frequency, viscosity becomes effective in diminishing the amplification 
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For small nF, from figure 9, it seems that 


n|R = 0-20? (88) 
is probably a good approximation. Comparing (88) with the similar expression 
(65) for the semi-infinite fluid with an exponential variation of viscosity, we 


conclude that if 


h/5 = 108, (89) 


a disturbance of the same wavelength in each problem, will grow at the same rate 
per unit time. The restrictions on (89) are that nR and a < 1. 


10-2 
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4. Instability of a viscous incompressible fluid of semi-infinite depth 
and constant viscosity ; 

For the sake of completeness, the calculations of Bellman & Pennington (1954) 
for a fluid of semi-infinite depth have been extended, and the results are presented 
in a more convenient form than given by these authors. Here we use dimension- 
less parameters, the characteristic length h, being completely arbitrary. 
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Ficure 10. Amplification exponent for a liquid of infinite depth and constant viscosity. 
a = 2Mh/A;m = py/M137 = Pg/Ps R = Vg pyh®|/a,3 W= gp, h?/o;h = arbitrary reference length. 


The implicit expression for n in terms of « is 


Jn?—2( 1-7) : 


(1+ —.)+402n/R = 0, (90) 
L+nR/a? 
and n is given as a function of & in figure 10 where R and W are parameters. 





Given the values of g, p,,/4 and o, the freedom in the choice of the reference 
length / allows an adjustment of the values of R and W so that figure 10 can 
always be used for any physical situation. 

Note that when a?/nR < 1, (90) reduces to the inviscid curve of Lamb—Taylor 
given by (3). This, of course, follows since a?/nR < 1 is equivalent to low values of 
viscosity, i.e. inviscid motion. 
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In order to give an indication of the stabilizing effect of the presence of a wall 
close to the liquid free surface, we can compare figures 9 and 10 for given a, R and 
W, by using the same value of / in figure 10 as is used in figure 9. Then, the ratio 
of the n’s for both cases becomes identical to the ratio of the dimensional 7’s. The 
decrease in the value of the amplification exponent 7, due to the finite thickness 
h, can easily be noted, especially for small values of a. 

If surface tension is negligible, i.e. W = 00, and if nR/a? > 1, the critical values 
can be obtained from (90) as 


n, = R3/48 and a, = Ri/(32)3, (91) 


or n.=4-3(p/ujsgi and a, = (p 1)3 g3/(32)5. (92) 
Although n,.R/a2 = 4 and not > 1, the agreement of (91) with the results of 
figure 10 is satisfactory. 

From figures 9 and 10 it can be seen that for a given value of R, both curves 
have the same asymptotic behaviour for large values of «, as remarked in § 3.3. 


5. Summary of the critical quantities for some of the cases considered 

As we have seen, the maximum amplification exponent for a given physical 
situation cannot always be expressed in simple analytical form. However, the 
cases for which this can be done are summarized in table 1, where we present the 
maximum amplification exponent 7,,, and the wavelength A... at which it occurs, 
as a function of the dimensional quantities that arise in the problem. 


Case Equation _ 
no. Case restrictions no. in text nN, A, 
1 2=0,h=00 (86) (2/3) (p/3a)* g# /(3A,) 
2 o=0,"4=const,h= 0 (92) 4-4(p/u)*g3 27 (32)4(u/p)ig-* 
3 p=e, h/A< l (84) d(ph a)tg " 22.0 
4 p= pe", J/A<1, (66), (67) (pg)? 63/on,; Vl 2Aeo 


npou;< 1 
TaBLE 1. Résumé of the critical quantities for some of the instability cases considered; 
Aco = 20(a/pg)*. 


Note that when surface tension is non-vanishing, it will usually control the 
size of the critical wavelength A,. Comparing all the cases in table 1, A, varies 
within a factor of about 4, i.e. within this factor the critical wavelength is the 
same for all cases. However, the critical amplification rate, which depends on 7. 
is very sensitive to the value of the surface tension coefficient 7. This sensitivity 
increases as the fluid is made ‘shallower’. Note the change in the exponent of o in 
n,when going, in table 1, from cases 1 to 3 and then to 4. The accurate knowledge 
of the surface tension coefficient o, and interface viscosity j;, is most important in 
case 4 which is of considerable practical importance for glassy materials which do 
not have a definite melting point. In this case the importance of having small 
values of 6, so that the growth rate of the disturbances remains small, cannot be 
over-emphasized. 
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6. Effect of variable deceleration during atmospheric entry 
In the foregoing analysis it has been assumed that the deceleration g, the 
characteristic lengths 6 or h, and the interface viscosity ;, are independent of 
time. During atmospheric re-entry, however, the deceleration increases with time 
to a maximum value that occurs after the peak heat transfer rate point along the 
trajectory has been passed. This variation can be included in the present analysis, 
The dimensionless equation (23) should be rewritten in dimensional form, so that 
it is not complicated by the use of reference quantities that are a function of time, 
If (25) is replaced by ., 
vy = (7) exp [iaz]exp | n(t)dt, (93) 
the previous analysis can be retraced in a similar way, yielding an eigenvalue 
equation for n(¢) that can then be made dimensionless, using the time-dependent 
quantities; 7(£) does not depend explicitly on the time, but through g(é), (¢) or 
h(t) and y(t), which previously were constants. This extension, therefore, turns 
out to be very simple. 
The amplification ratio will now be given by 
t 
n(é, &)/9(0) = exp [ n(T, %) dr, (94) 


which replaces (1). ™ 

At any given time /, it is of interest to find the value of % that maximizes 7/1, at 
that instant. That such a maximum exists is obvious; during the re-entry phase 
when the deceleration increases with time, the maximum amplification will occur 
at wave-numbers shorter than &,, the reason being that shorter wave-numbers 
are critical at an earlier time and therefore have a longer time to grow. Conversely, 
during the part of the trajectory where the deceleration decreases with time, 
longer wave-numbers than & will grow to become the largest. However, during 
this part of the trajectory the heating rates diminish rapidly and the instability 
problem may become of no practical importance in this flight regime. 

The wave-number & that will maximize 7(é, Z)/7(0, Z), at time #, can be deter- 
mined from l onlr, @) 
——— dr = 0, (95) 

Jo o&% 
where & = 27/A. For any specific problem, (95) will determine the wavelength 
Anax(t) that has the largest amplitude 7,,,,(é)/7(0) at time # Once @,,,,,(#) is 
known, (94) could be evaluated, probably only by numerical means, to yield 


n(t)/9(0). 


7. A numerical example 

Before applying the foregoing results to the behaviour of the surface of a body 
entering the atmosphere, the ablation problem has to be solved. This solution will 
yield the values of g, 6 or h and 1; needed for the computation of the critical 
wavelength %, and amplification exponent ”,, or the maximum quantities Z,,,,x(¢) 
and 7(¢)/7(0). A numerical example follows. 
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The theory for the ablation of glassy materials has recently been developed by 
Bethe & Adams (1958). Using their theory, the liquid layer parameters just 
mentioned were calcuiated for the stagnation point of a blunt body made of 


Altitude x 10-3 (ft.) 




































, 250 200 150 100 50 20 0 
10° 1 t : la t + 
[ | 21 | 
|} ss | 
| 23) 
be alt= | 
J 
10 + —-| 
r % 
l Ht, (g/cm sec) | 
1-0 r 
io- = 
10 4 
| 
5 | 
| 
10° ?+#—— | 
10-4 

















0 5 0 615 iH 8 85 
Time, Z (sec.) 

FicurE 11. Liquid-layer properties at the stagnation point of an ablating Pyrex blunt 

body entering the atmosphere at ICBM conditions. g) = 980 cm/sec?; R =./g p,d4/u,; 

W=gp,6?/0. Entry conditions: altitude, 250,000 ft.; velocity, 23,000 ft./sec; angle with 

horizontal, 21-8°. Ballistic coefficient (mass/C,A): 2,500 Ib./ft.?. 


pyrex glass entering the atmosphere. The trajectory that we used, calculated by 
Masson & Gazley (1956), was for an ICBM nose cone entering the atmosphere. 
The physical properties of Pyrex that we used are: 


Cyt = 0-25 cal/g°K, k, = 7x10-%cal/emsec°K, p, = 2-25 gm/cem’, 


) ca sa 17 (g/em sec) 
4) = exp; — 17 (g/cmsec), 
fal I T (°K) 2 
46,400 
?, = eXP — TK t 14-5 (atm), 
h,, = 2470 cal/g, = 300dynes/cm, 


where Cop Ky Py and h,, denote, respectively, heat capacity, thermal conductivity, 
vapour pressure of the liquid and the heat of vaporization of Pyrex. Figure 11 
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presents the liquid layer properties, g, 6 and ; as a function of time and flight 
altitude. W and R were computed from these data. It can be seen from figure § 


the trajectory considered. Note that n,/R and R? can be obtained from figures § 


and 11, their product satisfying the expression n,R < 1 everywhere along the 


( 


trajectory. This demonstrates that the results of § 2.4 are directly applicable to 


Altitude x 10-3 ft. 
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Ficur# 12. Critical amplification factor 7, and wavelength A, for the unstable stagnation 
point liquid layer of an ablating pyrex blunt body entering the atmosphere at ICBM 
conditions. Entry conditions: altitude, 250,000 ft.; velocity, 23,000 ft./sec; angle with 
horizontal, 21-8°. Ballistic coefficient (mass/C,A), 2500 lb./ft.?. 


our case and that we are justified in using the results of figure 8 and (65). The 
values of the critical amplification factor 7, and wavelength A, are presented in 
figure 12; 7, increases exponentially with time and then decreases very rapidly 
when the liquid layer essentially ‘freezes’ due to the low heat transfer rates 
encountered after maximum deceleration. Note that the critical wavelength at 
first decreases, and after peak deceleration starts to increase. 

[n order to decide whether or not the instability is catastrophic (figure 12), it is 
necessary to calculate the lifetime of a liquid particle. The life span of a particle 


+ We have not considered the effects discussed in § 6. 


that the values of W are sufficiently small so that (65) is valid for the portion of 
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begins when it softens, and ends when the particle either flows away from the 
blunt portion of the body (where the deceleration is high), or when it becomes 
vaporized. In the case of Pyrex, only a small amount vaporizes and lifetimes, 
obtained from the liquid layer calculation, are less than a second for a 1 ft. 
typical body length. This means that, in the case treated here, the amplification 
is negligible during most of the trajectory, and that no liquid will be lost due to 
Lamb—Taylor instability. However, for materials that have a lower viscosity 
than Pyrex, the situation could be critical. Also, a decrease of the ballistic 
coefticient (mass/drag coefficient x frontal area) of the entry body increases the 
instability somewhat. 

It should be noted that, although we only calculated the stagnation point 
conditions, the liquid layer is most unstable in a region away from the stagnation 
point when the gaseous boundary layer is turbulent. The reason is that although 
the deceleration normal to the gas-liquid interface diminishes in regions away 
from the stagnation point, the expression 43/, increases sufficiently so that the 
net effect is to increase the amplification exponent (67) by about 20%, 


8. Concluding remarks 

We will next make an attempt to describe the appearance of a blunt axially 
symmetric body when a thin layer of its surface melts or softens as it enters the 
atmosphere (figure 2). It is known that in the case of iron or stone meteorites this 
layer is very thin (Maringer, Simcoe, Manning & Jackson 1958). In the case of 
stone, the viscosity of the melt will probably be high and the interface velocity 
will be small. Consider a layer of melted material in the azimuthal (77)-plane 
(figures 2 and 13a). The high enthalpy gas can be imagined to be flowing normal 
to the page of figure 13a. The deceleration provides a mechanism for producing 
disturbances (figure 1). Liquid from region (a) flows to region (b). Since the 
curvature in the azimuthal plane will just perturb the heat transfer from its 
original value, the heat input stays approximately constant in the azimuthal 
direction. However, since the protective insulating liquid layer is thinner at (a) 
that at (b), the solid will melt more at (a) than at (6) and therefore develop 
disturbances of a characteristic wavelength determined by the liquid (figure 13c). 
It should be noted that a liquid layer, however thin, is sufficient for the above 
described mechanism to produce the azimuthal waves in the solid. 

From the discussion in § 6, prior to reaching peak deceleration along the entry 
trajectory, shorter waves of small amplitude should grow on top of long waves of 
larger amplitude. The converse statement holds after maximum deceleration. 

[t should be noted that disturbances in the azimuthal plane will not produce 
any strong shocks in the supersonic flow around the body, and therefore no 
localized high heat transfer regions will occur. 

In the flow direction, close to the stagnation point, where the liquid velocity 
vanishes, the instability is of the same wavelength as the azimuthal one. Further 
away from the stagnation point, the velocities increase and the deceleration 
normal to the surface decreases. When the product aR* (where R* is the liquid 
Reynolds number based on the interface velocity) is sufficiently large, Feldman 
(1957) showed that this uow may be stable even under deceleration forces. 
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One of the problems which we have not treated is the one when the product «R*. 


just mentioned, issmall. However, it turns out that the flow is stabilized for fairly 
small liquid velocities.+ We should also look into the effect of changing one of the 


boundary conditions in our problem; we have assumed that the velocity %, in 
the y-direction at 7 © or —h, was zero. In the case of an ablating body this 
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Ficure 13. Mechanism of production of surface grooves in meteorites due to the liquid 
film and decelerating forces. Note: Flow velocities are normal to the page. 


velocity is non-vanishing and corresponds to the ablation velocity. The effect 
of using a non-vanishing velocity will probably have a small destabilizing effect 
in the exponential viscosity case. The effect will probably be larger in the case 
of a liquid layer of finite thickness and constant viscosity. 

The physical appearance of the surface of some stone meteorites bears out the 
qualitative description just made. In the case of iron meteorites, due to the low 
viscosity of molten iron, the liquid Reynolds numbers may turn out to be much 
higher than in stony materials, and therefore the liquid layer is hydrodynamically 
unstable in the flow direction. These disturbances will interact with the gas flow 
in the subsonic region, and will produce shocks in the supersonic flow which will 
lead to high local heat transfer rates, and therefore the surface will have, in 
addition to the azimuthal periodicity, a periodicity in the flow direction 7 
(figure 2). This is demonstrated in the photograph of plate 2, figure 14. Of course. 
stone may possibly, under some conditions, have high liquid Reynolds numbers 
at extremely high flight velocities, and then it would have also the appearance of 
an iron meteorite. 

In closing, we should emphasize that the analysis presented here is limited t 
small amplitudes. If for a particular case the amplification 7/7, turns out to be 

+ In fact we know that such must be the case because for R* = 0, the flow is unstabl 


due to the Lamb—Taylor mechanism, and for «R* > 0, and sufficiently small, the flow 1 
stable. Therefore, there must be a value of aR* > 0 (i.e. low flow velocities) for which th 


Lamb—Taylor instability disappears. 
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large, the problem becomes complicated, since the instability problem is coupled 
to the heat transfer problem; its solution would lead to the total liquid lost due to 
instabilities and heat transfer. 


This work was sponsored by the Ballistic Missile Division, Air Research and 
Development Command, U.S. Air Force, under contract AF 04(647)-278. The 
author wishes to express his appreciation to Professor C. C. Lin, of the Massachu- 
setts Institute of Technology and consultant to the Avco Research Laboratory, 
for his helpful suggestions and critical discussions. Thanks are also due to 
Dr Mac C. Adams, Deputy Director of the Avco Research Laboratory, for many 
helpful discussions that helped to clarify the problem. The author is indebted to 
Dr John 8. Rinehart of the Smithsonian Astrophysical Observatory for pointing 
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REVIEWS 


Proceedings of the Symposium on Naval Hydrodynamics. Kdited by 
F. S. SHERMAN. Washington: National Academy of Sciences—National 
Research Council, 1957. 444 pp. $5.00. 

This ‘book’ consists of a compilation of fifteen invited papers read at a large 

meeting in Washington, D.C., which was held in September 1956. Included also 

is a record of comments from the floor and the Symposium Banquet address. 

The result is a decidedly mixed bag, with topics of such range that it is im- 
possible to summarize, short of listing the entire table of contents. As is usually 
the case with such publications, no unity of notation is imposed by the editors, 
each article is complete in itself, and the whole reads rather like an issue of 
Reviews of Modern Physics. Although the publication of proceedings of sym- 
posia of some kinds is open to criticism (J. Fluid Mech. 4, 1958, 439), we have 
here a nice demonstration of both pros and cons, with the balance perhaps tipping 
slightly towards the former. 

The articles themselves are surveys (as invited), few of them presenting really 
new work. This has a value in itself because low-Mach-number fluid dynamics 
is not well endowed with up-to-date reviews of the state of various aspects of 
the art. However, an article which was designed as a 45 min verbal presentation 
is far from ideal as a written review. Presentations are necessarily incomplete, 
both in range of subject matter and details of treatment. The latter weakness 
can be overcome by cross-reference to the valuable and fairly extensive biblio- 
graphy accompanying most articles. The former is not quite so damaging as 
might be expected because here the printed version of the discussion following 
each paper frequently indicates the more important gaps and fills out the 
bibliography. The discussion has been heavily edited from its original from-the- 
floor character—in places to the ludicrous extent of writing in the passive voice 

and, although still interspersed with trivialities, represents an important 
addition to the volume. 

After a nice tribute to Captain H. E. Saunders, U.S.N. Ret., the godfather of 
American Naval Hydrodynamics as a science, the volume opens with the after- 
dinner talk given by Milne-Thomson. This talk, which had to be heard to be 
believed, must have been designed quite literally to end all after-dinner talks. 
As given, with aid of a small portable blackboard (with two admirals in attend- 
ance as erasers), to an audience most of whom were ‘posted’ behind three-foot 
dining hall pillars, it amazed more people than it enlightened. As written, how- 
ever, it is a nice presentation of the point of view of the practitioner of analytical 
mechanics. 

There follows a discussion by Lighthill of ‘River waves’. This article, written 
with that author’s usual entertaining lucidity, is one of the finest in the book 
and one could only wish that it were expanded beyond the scope of the address 
so that the discussion of cnoidal waves, flood waves with friction and kinematic 
waves could be followed in detail without the necessity of repeated reference 
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to other publications of the Manchester group. Even as it stands, however, the 
article serves as an invaluable introduction to the subject of river waves. The 
discussion following is of interest for the clash of opinion between Lighthill and 
Stoker. The former seeks to understand the principal mechanisms by obtaining 
good solutions to idealized models. Stoker obtains accurate predictions of 
thoroughly studied real rivers by feeding exact equations and a multitude of 
empirical constants into a large computer. Such methods are currently popular, 
and of considerable practical use, but | doubt if they give the insight which is 
gained from analytic rather than numerical solutions. 

The third paper is a presentation by Munk, Tucker and Snodgrass of 
‘Remarks on the ocean wave spectrum’. Unlike most of the other papers, some 
new results are given here. The most interesting of these is the measured 
spectrum of sea-level elevation at La Jolla. Although complicated to some 
extent by shore effects, this spectrum is of considerable interest and utility, and 
indicates the complexity of free-surface phenomena. The paper also contains 
some useful ideas on the measurement of waves, and valuable emphasis on the 
two-dimensional character of surface waves. 

There follows an article by Weinblum on the ‘Contribution of ship theory to 
the seaworthiness problem’. In many ways this is the most satisfactory paper 
included. It is a true review, and has been considerably expanded beyond the 
limits of the oral presentation (it occupies 37 pages—nearly twice the average). 
After a fairly comprehensive, if somewhat superficial, review of present know- 
ledge, the conclusions and most glaring gaps are neatly arrayed for us. 

Paper V,on‘ Waveresistance of thin ships’, by Wehausen, isalso a characteristic 
review. I am not qualified to judge its completeness, but the paper and par- 
ticularly the discussion show how very far there is yet to go before ship design 
can be said to be a science rather than an art, at least so far as wave resistance 
is concerned. 

This point is further emphasized by Niedermair in a brief outline of what he 
calls ‘Hydrodynamic barriers in ship design’. He also calls attention to the 
naval, as opposed to purely civil, requirement for low noise which so greatly 
complicates the problem of obtaining higher speeds by brute force. 

Paper VII, ‘On the development of the theory of marine propulsion’, by 
Lerbs, is less general than the title indicates. It is a discussion of the theory of 
propellers, with particular emphasis on the interaction of propeller and hull. 
Together with an unusually detailed discussion, the paper gives, to this reviewer 
at least, an eye-opening revelation of the state of this subject and the extent to 
which the complications of multiple wide blades in an asymmetrical flow are 
becoming amenable to theoretical treatment. The comment by Silverleaf, to 
the effect that propeller designers often do better by purely ‘empirical’ methods, 
is suitably chastening, however. 

Paper VIII, by Parkinson, is something of a departure and serves as a 
transition between the earlier articles, in which water is considered to be a 
continuous, incompressible, often irrotational fluid, and the later ones where 
compressibility and cavitation effects are considered. It is an interesting dis- 
cussion of modern attempts to base high-speed aircraft on water, using stepped 
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hulls, skis and foils. One suspects that the obscuring hand of security classi- 
fication has held some things back, but the paper is none the less informative 
and readable. 

There follows a discussion by Cox and Maccoll on ‘Recent contributions to 
basic hydroballistics’. This subject is such a complex one, involving all the 
complications of ordinary flow past a bluff unsymmetrical body, plus those of a 
free surface and a partially ventilated cavity, that it is a wonder that any theory 
exists at all. In fact Birkhoff, in his remarks following the paper, seems to doubt 
that one does. Nevertheless, the paper shows that serious attempts are being 
made, and the comparisons with experiment indicate that they are probably 
exploring the right street. Again, the effect of the military censors seems to 
be noticeable. 

Paper X, by Fitzpatrick and Strasberg, deals with ‘Hydrodynamic sources 
of sound’. Those who think of this subject in terms of Lighthill’s quadrupoles 
may be surprised to find that the first three-quarters of the article contain no 
reference to this source of sound. And rightly, for in most underwater situations 
noise associated with cavitation and bubbles is far more important. Bubble 
oscillation and collapse are clearly discussed and the less well known phenomena 
associated with surface splash are described. When the authors do come to 
consider noise due to turbulence the discussion is admirably balanced, with 
proper emphasis upon the importance in practical cases of solid surfaces which 
are not quite rigid. 

In paper XI, on ‘Free-streamline theory and steady-state cavitation’, 
Gilbarg gives us a rather conventional account of cavitation behind blutf 
objects, with and without sharp corners. He considers the re-entrant jet to be 
the only physically reasonable resolution of the cavity paradox, although there 
is a brief discussion of Riabouchinsky’s image artifice. There is no discussion at 
all of the important practical problem of the super-cavitating hydrofoil. 

The following paper by Plesset, on ‘Physical effects in cavitation and boiling’, 
is an interesting and well-documented account of the growth of a vapour bubble 
from an infinitesimal nucleus in the liquid. The effects of the inertia and thermal 
conductivity of the water are discussed in some detail. The important inverse 
effect of bubble collapse is not treated, although it receives considerable atten- 
tion in the discussion following the paper. 

Paper XIII by Smay, on the ‘Hydrodynamics of underwater explosions’, isa 
completely qualitative, but nevertheless informative and fairly comprehensive, 
account of the subject. As given the paper was extensively illustrated by motion 


pictures, and unfortunately the half-tone illustrations of the written paper 4 


cannot give so much information. The paper is chiefly valuable for showing the 
great diversity and complexity of the phenomena involved, and the reader who 
wants details will have to look to the bibliography. 

Lin’s paper ‘On the stability of the laminar boundary layer’, unlike most 
others in the volume, is not really a review but rather is an account of his most 
recent attempts to deai with this problem, now over half a century old. The 
article presupposes a good deal of background in the long history of the study 
of the stability of perturbations in the laminar boundary layer, and tends to 
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be too cryptic to be readily understood by anyone not actively working in the 
field. As such the article would appear more at home in a research journal than 
in a book of this type. 

Paper XV, by Corrsin, is given the very general title ‘Some current problems 
in turbulent shear flows’. It ranges over so much ground that no reasonable 
outline is possible here. This remark should not be taken as hostile criticism. 
Indeed, the article contains many valuable comments, some of which I have 
not seen in print elsewhere, and I have repeatedly recommended it to students 
who, with some background, want an outline of recent activity in turbulence 
research. It is especially useful in pointing out the limitations of such glib 
assumptions as local isotropy. 

The volume concludes with an article on ‘Wave scattering due to turbulence’, 
by Batchelor. The paper deals entirely with sound waves; although he points 
out that a similar technique can be used for electromagnetic radiation. This 
topic has been dealt with in several places in the literature, but rather than 
offer a review of these contributions, the author has preferred to go about it 
in his own way. In this he is, I think, justified. While his presentation, based 
like all the others on the first Born approximation, offers no new results, it is 
tidier and more self-contained than its predecessors. The discussion following 
the paper is livelier than most. Unfortunately it died too early. One should 
like to have had resolved the dispute between Batchelor and Kraichnan as to 
whether or not the motion can be rigorously resolved into turbulence and sound 
waves. 

It can thus be seen that this volume does serve some purpose, in that it 
presents reviews of subject matter not elsewhere reviewed. However, one could 
wish that it were as easy to persuade people to write proper survey articles— 
and to get them published—as it seems to be to get them to attend and address 
a conference. Almost without exception the articles would have been better 
if written for publication, rather than for presentation. It is half a loaf—but 


still better the bread ! 
etter than no bread R. W. STEWART 


Festschrift Jakob Ackeret. Z. angew. Math. Phys., vol. 1x b (Sonderband), 
1958. 777 pp. SFr. 24.00. 

It is an established practice to honour a great scientist with a commemorative 
volume presented to him on the occasion of an anniversary. As a rule, such 
a volume is composed of contributions of his colleagues and former students. 
The present volume honours Prof. Jakob Ackeret on the occasion of his sixtieth 
birthday. There is always a danger that original contributions included in such 
a separate volume may be ‘lost’ to the scientific world through poor distribution. 
This danger is here circumvented in the best possible way, through publication 
as a special issue of a scientific journal of high repute. 

The Festschrift Jakob Ackeret contains first some half-dozen articles on 
Prof. Ackeret and the relations between his work and other groups. There is also 
a bibliography which includes 108 original publications of Prof. Ackeret as well 
as various publications of his colleagues. Discussed in this first section of the 
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Festschrift are his contributions to the Swiss machine industry, national 
defence, munitions industry, and to the development of closed-cycle gag 
turbines. 

The main part of the Festschrift comprises 58 contributed articles, with 
a foreword by von Karman. As is appropriate in a collection dedicated to Prof, 
Ackeret, almost all the articles are in the field of fluid mechanics or in closely 
related fields. There are about a dozen papers in the fields of cascade theory and 
turbine design, another dozen on boundary layers, and another dozen in 
theoretical gasdynamics. The fields of low-speed flow and of aerodynamic testing 
techniques each occupy about half a dozen papers. 

Any fluid mechanician should find material of interest in this thick volume, 
As a sample of the contents here are some titles which were of particular 
interest to the reviewer: 

Bruun, G. and Haack, W.: Ein Charakteristikenverfahren fiir dreidimensionale 
instationire Gasstromungen. 

BUSEMANN, A.: Aus- und Eintrittsstésse an Schaufelgittern. 

Meyer, R. E.: On the structure of supersonic flow. 

Pauti, W.: Zur Thermodynamik dissoziierter Gleichgewichtsgemische in 
iiusseren Kraftfeldern. 

RESLER jr., E. L. and Sears, W. R.: Magneto-gasdynamic channel flow. 


ZIEGLER, H.: An attempt to generalize Onsager’s Principle, and its significance 
for rheological problems. 


This list is purely illustrative and in no way intended as a selection of the 
most important articles. A different reviewer might have chosen a completely 
different list. The articles are all of publishable quality and the general level 
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TENTH INTERNATIONAL CONGRESS OF 
APPLIED MECHANICS 


The Tenth International Congress of Applied Mechanics will be held in the 
Congress Building at Stresa (Italy) from Wednesday, 31 August through Wednes- 
day, 7 September 1960. 

Apart from a number of invited general lectures the technical sessions of the 
Congress will be held in two sections, viz.: 

Section 1: Fluid dynamics (hydrodynamics and aerodynamics). 

SEcTION 2: Mechanics of solids (rigid body dynamics, vibrations, elasticity, 

plasticity and theory of structures). 

It should be noted that thermodynamics and computational methods as such 
are not incluced, although specific applications of computational methods to 


pertinent problems of one of the two sections mentioned above are acceptable 


subjects for papers to be read at the Tenth Congress. 

Previous Congresses have demonstrated the desirability of an adequate period 
of time for the presentation and discussion of individual papers. In order to 
allow a period of 45 minutes for each paper (30 min. for presentation and 15 min. 
for discussion) a Programme Committee will make a selection from papers sub- 
mitted for presentation. Abstracts of papers should be submitted in four copies 
to the Secretary of the International Committee (W. T. Koiter) before 1 January 
1960. Preferably they should not exceed two type-written pages (doubly-spaced) 
and in no case should they exceed four pages. In order to facilitate the work of 
the Programme Committee it is recommended that abstracts be in two of the 
official Congress languages (English, French, German and Italian). Authors are 
urged to make their abstracts as clear as possible, since selection of papers has to 
be based upon them. Decisions of the Programme Committee are final, and it will 
be understood that it is impossible to enter into correspondence about them with 
authors of papers. They will be informed promptly of the decision on each paper. 

Day-to-day organization of the Congress is in the hands of the Italian 
Organizing Committee (President: Prof. G. Colonnetti; Secretary: Dr F. Rolla, 
Consiglio Nazionale delle Ricerche, Ufficio relazioni internazionali, Piazza delle 
Scienza 7, Roma). All correspondence (apart from submission of papers) should 
be addressed to the Italian Organizing Committee. Information on accommoda- 
tion, also registration forms, will be obtainable from Dr Rolla after 1 September 
1959. 


The Executive Committee of the Tnte rnational 

Committees for the ‘ongre SSes of F I pplie d Mechanics 
C. B. BIEZENO, President; RICHARD V. 
SouTHWELL; W.T. KOITER, Secretary; 
(Prof. Mekelweg 2, Delft, Netherlands). 
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